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Abstract 

Fix a probability measure on the space of isometries of Euclidean 
Q space R d . Let 1q = 0, Y\, Yz, . ■ ■ € R d be a sequence of random points 

such that Yi+i is the image of Y\ under a random isometry of the pre- 
viously fixed probability law, which is independent of Y\. We prove a 
local limit theorem for Y\ under necessary non-degeneracy conditions. 
1 " 1 Moreover, under more restrictive but still general conditions we give 

a quantitative estimate which describes the behavior of the law of Y\ 
on scales e~ dl/4 < r < I 1 / 2 . 

G\ 

£j 1 Introduction 

Let Xi,X 2 , ... be independent identically distributed random isometries of 
CN Euclidean space R d . Let xq G R d be any point and consider the sequence of 

T"! points 

Y = x ,...,Y l = X l (X l . 1 (...(x ))),.... 

We call these the random walk started from the point Xq, and Yi is its /th 
step. 

The purpose of this paper is to understand the distribution of YJ. 
This problem can be traced back to Arnold and Krylov [2] who studied 
the mixing of the random walk on the sphere where the steps are rotations. 
They asked if their results extend to isometries of Euclidean or hyperbolic 
space. 
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Existing results in the literature can be divided into two classes. Some 
papers describe the behavior of the measure on scale 0(1) others do it on 
scale 0{\fl). We begin by discussing the first category. 

Kazdan [16] and Guivarc'h [13] proved a ratio limit theorem for d = 2. 
This result describes the local behavior of the distribution of Y[. It states 
that the conditional distribution of on a fixed compact set is asimptoti- 
cally uniform, i.e. Lebesgue. More precisely, for any two smooth compactly 
supported functions / and g we have 

nm\ = snx)dx 

i->oc E[g(Y,)] / g(x)dx 

provided that the denominator on the right do not vanish. The distribution 
of X\ of course need to satisfy some natural non-degeneracy conditions for 
which we refer the reader to the original articles. The proofs rely on the fact 
that SO (2) is commutative. 

In the papers [3], [17], [20] the local limit theorem is generalized to higher 
dimension, however the arguments require some restrictive assumption on the 
law of Xi, e.g. absolute continuity, which implies that the group generated 
by the support of X\ contains translations. In the absence of translations 
new ideas are required to obtain the local limit theorem in full generality 
which is the main goal of our paper. 

Very recently, Conze and Guivarc'h [9] proved a ratio limit theorem under 
certain assumption on the associated random walk on SO(d). This assump- 
tion may hold in full generality but it has been verified only under special 
circumstances yet. (We elaborate on this assumption in Section 3 after The- 
orem A.) Their approach also does not rely on translations, but differ from 
the methods of this paper. 

Tutubalin [23] proved a central limit theorem for dimension d = 2 and 
d = 3, which was later generalized to higher dimension by Gorostiza [14] 
and Roynette [22]. The central limit theorem describes the behavior of the 
distribution of Y\ on scale 0(y/l). More precisely, it claims that Yxjsjl con- 
verges weakly to a Gaussian distribution if Y% has finite second moments. 
The central limit theorem was revisited by many authors, see e.g. [15], [21], 
[18] and [1]. In these works the central limit theorem was even generalized 
to cases when the distribution Y\ does not have second finite moments and 
the limit distribution is not Gaussian. 

To formulate our results we need to make some non-degeneracy condition 
on the law of Xi. We say that Xi are degenerate if there is a proper closed 
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subset A of R d and an isometry 7 G R d such that Y\ is almost surely contained 
in j 1 (A). We say that Xi are non-degenerate if they are not degenerate. 
Before we state the main result of the paper we state two simpler results 
which can be deduced from our method. The following version of the central 
limit theorem follows from our work: 

Theorem 1. Let Xi, Yi and x$ be as above. Suppose that Y\ has finite second 
moments and the law of Xi is non-degenerate. Then there is a vector vq G H d 
such that the distribution of (YJ — Iv 0) / \/l weakly converges to a Gaussian 
distribution. 

The limit distribution of course depends on the distributions of Xi. We do 
not describe this dependence explicitly, but the mean and covariance matrix 
could be computed from the proof. Here we only mention, that the covariance 
matrix is invariant under the rotation parts of the elements in the support 



This result is not new, it is covered by some of the references mentioned 
earlier. Moreover, our proof is based on Tutubalin's paper. We give this 
argument in the greater generality discussed in this paper. (Tutubalin as- 
sumes that supp (Xi) generates a dense subgroup of Isom(R d ). Moreover, 
he discusses the cases d — 2,3 only, although he does not seem to use this 
restriction in an essential way.) In addition, we obtain quantitative bounds 
which will be necessary for proving the explicit error estimates in Theorem 
3 below. 

Theorem 2. Let Xi, Yi and xq be as above. Suppose that Yq has finite mo- 
ments of order d 2 +3d+l and Xi are non-degenerate. Let f be any continuous 
and compactly supported function. Then there is Vq G R d and c G R depend- 
ing only on the distribution of X i} such that 



First we remark that v is the same as in the previous theorem and c can 
be computed from the covariance matrix of the limit distribution. Moreover, 
it turns out from the proof, that vq is almost surely fixed by the rotation part 
of X\, hence it is 0, if the rotation part of the support of X\ is sufficiently 
rich. 

When Vq = 0, the Local Limit Theorem can be interpreted as follows: The 
probability that Y\ belongs to a fixed compact set with smooth boundary is 
asymptotic to cl~ d ^ 2 times the Lebesgue measure of the set. 



oiXi. 
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In the local limit theorem, we need the finiteness of high order moments 
for technical reasons. However, if the group generated by the support of 
Xi is dense in Isom(R d ) then our arguments imply the local limit theorem 
under the assumption of finite second moments only. In fact, this is true 
under much weaker assumptions on the group generated by supp (Xi) (see 
Theorem 3 below). 

Now we formulate the main result of the paper which gives a quantitative 
description of the distribution of Y\ on multiple scales. However, we need a 
more restrictive assumption that we call (SSR). We postpone the definition 
to the next section, where we explain the notation used through the paper. 
For now, we only mention that (SSR) holds for example if supp (Xi) gener- 
ates a dense subgroup of Isom(R d ) and d > 3. In addition, we can improve 
the error terms under stronger conditions, i.e. symmetricity or (E). These 
will be defined in the next section, as well. 

Theorem 3. Let Xi,Yi and xq be as above. Suppose that the law of Xi is 
non-degenerate, satisfies (SSR) and Yi has finite moments of order a for 
some a > 2. Furthermore, let f be a smooth function of compact support. 
Then there is a point y G H d , a quadratic form A(x,x) and constants C A 
and c > that depend only on the law of Xi, such that 

E[f(Y l )) = C A r d/2 J f(x)e- A{x - yo ' x - yo)/l dx 

+0(1-^^-^ + ko| a |-^)||/||x + 0(e- rfl/ *)||/|| wa ,c^ /fl . (1) 
In addition, if ft is symmetric or satisfies (E), we have 

E[f(Y l )} = C A r d/2 J f(x)e- A{x - yo ' x - yo)/l dx 

The implied constants depend only on the law of Xi. 

A few remarks are in order about the conclusion of this theorem. The 
norm || ■ ||i is the L 1 -norm and || ■ || H /2,(d+i)/2 is an L 2 Sobolev norm defined 
by 

\\f\\wu d+ ^= J \f(0\ 2 (l + \a\) d+1 dC 

The first term on the right hand sides is the main term, it is the integral 
of / with respect to a Gaussian measure centered at yo, and with covariance 
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matrix A /I; is simply a normalizing factor. It will follow from the proof 
that A is invariant under the rotation parts of elements of the support of \i. 

The other two terms are error terms. The first is responsible for the large 
scale, and the second is for the small scale behavior of the random walk. To 
illustrate this, fix a smooth compactly supported function F, and consider 
the family fi(x) = r^ d F(x/ri) associated to a sequence of scales r;. (I.e. the 
diameter of the support of // is proportional to r;.) It is easily seen that 
as long as r\ < the order of magnitude of the main term is l~ d ^ 2 , the 

d+min{l,Q — 2} /1/4 — d 1/2 

first error term is I 2 while the second error term is e r { 
This shows that the theorem gives a good approximation in the scale range 
y/i> ri >e-^ 1/4 . 

The factor 0(e~ cll/4 ) is probably not optimal. In fact, our proofs lead to 
better estimates in some cases. This is discussed in detail in Section 3 after 
Theorem A, after the necessary background is explained. 
Acknowledgments. I am greatly indebted to Elon Lindenstrauss for telling 
me about the problem and his continued interest in my project. I am also 
grateful to Jean Bourgain and Emmanuel Breuillard for helpful conversations 
about various aspects of the problem. I thank Noam Berger, Alex Lubotzky 
and Nikolay Nikolov for suggesting references [8], [4] and [12] respectively. 

I am grateful for the hospitality of the Mathematical Sciences Research 
Institute, Berkeley, USA. 

2 Notation and outline 

We identify the isometry group of the (^-dimensional Euclidean space with 
the semidirect product Isom(R d ) = R d x 0(d). For 7 = (v , 9) e H d x 0(d) 
and a point x G R d we write 

j(x) = v + 9x, 

and we define the product of two isometries by 

{vi,6 1 )(v 2 ,6 2 ) = {v 1 + 6iv 2 ,e 1 e 2 ). 

If 7 is an isometry, we write v (7) for the translation component and #(7) for 
the rotation component of 7 in the above semidirect decomposition. 
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Let /i be a probability measure on Isom(R d ). Define the convolution 
in the usual way by 

/ f{i)dn*niri)= I / /(7i72)^(7i)^(72), 

Jlsom(R d ) </lsom(R d ) </Isom(R d ) 

for / G C(Isom(R a! )) and write 

— /J,* ■ ■ . * /_i 

" v ' 

/-fold 

for the /-fold convolution. With this notation, (j,*® is the distribution of the 
product of / independent random element of Isom(R d ) of law /i. We define 
the measure fx by the formula 

/ /( 7 )d?(7) = / /(7- 1 )^(7), 

</Isom(R d ) </Isom(R d ) 

for / G C(Isom(R rf )) and say that fi is symmetric if Jl = \x. The measure ix 
also acts on measures on R d in the following way: If v is a measure on R d , 
we can define another measure ix.v on H d by: 

/ f(x)dfx.v(x) = / /(7(x))d^(7)di/(a:), 

JR d Jlsom(R d ) JR d 

for / G C(R d ). 

We write 5 Xo for the Dirac delta measure concentrated at the point xq. 
With this notation, the law of Yi, the /th step of the random walk is 



.T() • 



Write 0(fx) for the projection of fx on 0(d), i.e. for / G C(0(d)) 



f(a)dO(fx)(a) = / /(0( 7 ))^( 7 )- 

0(d) </lsom(R d ) 

Denote by G C Isom(R d ) the closure of the group generated by supp (fx* 
fx). Fix any element 7 G supp/i. Then it is clear that supp/z C 'JoG. 

We can replace fx by fx' — [i*^ f° r some integer k > 1 without loss of 
generality, since Yifc+j, the Ik + jth step of the original random walk is the 
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Ith step of the modified random walk started from the random point Yj. If 
we do so then we replace G by G', the closure of the group generated by 



In Lemma 21 we will see that if wee choose k sufficiently large than 6(G') is 
normalized by #(7q). 

Denote by K C 0(d) the closure group generated supp 9{p * /x). By the 
previous paragraph, we can (and will throughout the paper) assume without 
loss of generality that K is normalized by 9q := 0(70) ■ Denote by K° the 
connected component of K. 

Denote by \ik the Haar measure on the group K. 

Now we list the various conditions that we will stipulate on \i in various 
parts of the paper. Some of these were already mentioned in Theorem 3. 

(C) ("Centered") The barycenter of the image of the origin in R d under /i 
is the origin, i.e. 



(E) ("Even") The action of K on R d is "even", i.e. for every v G R d , there 
is 9 V G K such that 9 v v = —v. 

(SSR) ("Semi-simple rotations") K° is semi-simple, and there is no non-zero 
point in R d which is fixed by K° . 

We also recall the conditions we already defined for convenient reference. 
We say that \x is non- degenerate, if there is no proper closed subset A C H d 
and an isometry 7 G Isom(R d ) such that fjf®.5 Xo is almost surely contained 



It will be useful for us in many places of the paper to symmetrize fi 
by replacing it with Ji * \x. Unfortunately, the measure we obtain this way 
might be degenerate. (For example, consider R 2 and a measure /1 such that 
#(supp fi) consists of a single rotation of infinite degree given by a matrix 
with rational entries.) For this reason, we introduce a different notion which 
is easily seen to descend to Jm * fi. We say that /i is almost non- degenerate if 
for every point x G R d , the set {j(x) : 7 G supp/i} does not lie in a proper 
affine subspace. As we will see in Lemma 22, if \i is non-degenerate then 
is almost non-degenerate for some integer k > 1. The implication in 





in j l {A). 
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the other direction is often true, as well. In particular, almost non-degeneracy 
is sufficient for most of the paper, except for Section 7.2, where we need to 
refine this notion. 

We say that \i have finite moments of order a > 0, if 



Finally, we say that /x is symmetric if // = ju. 

A few remarks are in order regarding the role of these conditions. Non- 
degeneracy is clearly necessary for the local limit theorem. However, we 
can not impose it always for reasons discussed above. On the other hand, 
almost non-degeneracy is required throughout the paper. Condition (SSR) 
is needed to control the behavior of //^ on very small scales (up to e~ c/1 4 ). 
Under this assumption we can utilize some powerful results about random 
walks on semi-simple compact Lie groups. We assume (SSR) throughout 
Section 3 and some other parts of the paper. Symmetry or (E) allows us to 
improve the error terms in Theorem 3. They will be assumed in certain parts 
of Section 4 to show that the cubic terms in certain Taylor expansions cancel 
with each other. We assume throughout the paper that fi has finite moments 
of order 2. In Section 4 we assume finite moments of order a for 2 < a < 4 
and the quality of our error terms depend on a. To be able to conclude 
the local limit theorem in the absence of (SSR) we assume the finiteness of 
higher order moments in Section 7.2. Finally, (C) is an assumption which 
does not restrict generality as we will see in Lemma 20. Therefore we assume 
it throughout the paper to simplify our arguments. 

Now we introduce some further notation and indicate the general strategy 
of the proof of Theorem 3. Recall that the distribution of the random walk 
started at the point Xq after /-steps is the measure 



Hence our main goal is to understand the operation v i— > [i.v. 

This is achieved by studying the Fourier transform, which is given by the 
formula 





It a simple calculation to check that 



„*('+!) X = 
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where e(x) := e 2mx . For the Fourier transform of \i.v we get 

G"-") A (0 = I e«£, 7 (x)»d M ( 7 )<Mx) 

= J e{{i,v{ 1 ) + B{ 1 ){x)))d^{ 1 )dv{x) 

= J C ((e ) «(7)>W(7)~ 1 0**(7)- (2) 

This formula shows that the action of /i on the Fourier transform of v 
can be disintegrated with respect to spheres centered at the origin. 

For every r > 0, we define a unitary representation of the group Isom(R a! ) 
on the space L 2 (S d ~ l ). Let 

Pr(lM0=e(r(^v( 1 ))M6( 1 y 1 (3) 

for 7 G Isom(R d ), p G L 2 (5' d ~ 1 ) and £ G S 1 *" 1 . 
We also define the operator 

S r {fp) = J p r ( 7 )(^)^(7)- (4) 

For a function <p G C(R d ) and r > 0, we denote by Res r v? its restriction 
to the sphere of radius r. I.e. Res r : C(R d ) —> C(S ,(i_1 ) is an operator defined 
by [Res r ^](0 = ^(rOfor |C| = 1. 

With this notation, we can write (2) as 

Res r (/0>)(£) = S r (He8 r u)(£). 

Operators similar to S r were introduced by Kazdan [16] and Guivarc'h 
[13]. Guivarc'h proved in the d = 2 case, when K is Abelian, that ||SV|| < 
1 — cr 2 for r < 1 and ||SV|| < 1 — c r for r > 1, where c > is a constant 
depending only on /i, while c r also depend on r. These estimates are sufficient 
for proving a ratio limit theorem, and as Breuillard [5] pointed out, combined 
with the central limit theorem, it is sufficient even for a local limit theorem. 
We are unable to prove such strong estimates, but we will prove in Section 3 
a weaker version: Proposition 4 which is still sufficient for our application. In 
brief, we prove the estimate with constants c and c r which (mildly) depend 
on the oscillations of ip. The proof is based on mixing properties of random 
walks on semi-simple compact Lie groups (see Theorem A below). 
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Using the estimates given in Section 3, we can show that the Fourier trans- 
form of the random walk after I steps "lives in" the ball of radius Z -1 / 2 log/. 
These estimates alone are sufficient for the ratio limit theorem but not for 
the central or local limit theorems. The frequency range r > Z -1 ' 2 logZ is 
responsible for the second error term in Theorem 3. 

We need a more precise understanding of the Fourier transform of fj,*( l \8 Xo 
in the range r < /~ 1 / 2 log/. This frequency range contributes the main term 
and the first error term in Theorem 3. In section 4 we give Tutubalin's [23] 
argument for the central limit theorem in the more general setting that we 
consider and obtain the explicit estimates. In brief, this argument is based 
on decomposing L 2 (S d ~ 1 ) as the orthogonal sum of several subspaces and 
using the Taylor expansion of the function e(x) showing that these subspaces 
are almost invariant for S r . We show that the contribution of only one of 
these subspaces is significant and that on this subspace rotations act trivially. 
Hence the problem is reduced to the easy case of sum of independent random 
variables. 

We will encounter L 2 spaces on various submanifolds of R d . We always 
consider them with respect to the "natural" measure, i.e. which is invariant 
under isometries. When the manifold is compact we normalize the measure 
to be probability. 

Throughout the paper the letters c, C and various subscripted versions 
refer to constants and parameters. The same symbol occurring in different 
places need not have the same value unless the contrary is explicitly stated. 
For convenience, we use lower case for constants which are best thought of 
to be small and upper case for those which are best thought of to be large. 
In addition, we occasionally use Landau's O and o notation. 

The organization of the rest of the paper that we have not explained yet 
is as follows: In Section 5, we combine the estimates of Section 4 and 3 to 
conclude Theorem 3. In Section 6 we derive Theorem 1 as a corollary of 
the results in Section 4. Finally, in Section 7 we prove Theorem 2. When 
K is Abelian and its action on R d has a trivial component some additional 
difficulties arise which prevents us from using the method of Guivarc'h [13]. 
To address these issues in Section 7.2, we use Taylor expansions motivated 
by Tutubalin's paper. For this argument we need to assume the finiteness of 
high order moments. 
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3 Estimates for high frequencies 

The goal of this section is to estimate the norm of the operator S r defined 
in Section 2. We are not able to show that \\S r \\ < 1, but we can give the 
following estimate for HSVv^lh m terms of the Lipschitz norm of tp. 

Proposition 4. Suppose that \x is almost non-degenerate, has finite moments 
of order 2, and satisfies (SSR) and (C). Then there is a constant c > 
depending only on \i such that the following hold. Let p £ Lip(5' d ~ 1 ) with 
\\p\\2 = 1. Then 



We warn the reader that the proof of the proposition depends on the 
central limit theorem, (Theorem 1); this is in fact the only place where 
almost non-degeneracy is used. We point out that the central limit theorem 
is proved using only Proposition 10 which is independent of the arguments 
of the current section. In particular, Proposition 19 which is a refinement of 
Proposition 10 based on the results of this section is not needed. 

Mixing properties of random walks on semi-simple compact Lie groups is 
a crucial ingredient of our proof. We state the result that we use in the next 
theorem. The proof will be given in the forthcoming paper [24, Corollary 
7]. A quantitatively weaker version, but essentially sufficient for our purpose 
could be deduced form the Solovay-Kitaev algorithm, at least in the case 
K = SU(d). The Solovay-Kitaev algorithm was first described in an e-mail 
discussion list by Solovay in 1995. Kitaev independently discovered it and 
published it in 1997 [19]. For a recent exposition see [10]. See also the paper 
of Dolgopyat [11, Theorems A. 2 and A. 3], which provides similar estimates. 

Theorem A. Let K be a compact Lie group with semi-simple connected 
component. Let fi be a symmetric probability measure on K such that supp (//) 
generates a dense subgroup in K . Then there is a constant c > depending 
only on \l such that the following hold. Let p £ Lip(K) be a function such 
that \\<p\\2 = 1 and f ipdm K = 0. Then 



walk in the frequency range e c[1 > r > I x l 2 log/. 
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Recall that tuk denotes the Haar measure on K. 

We mention that Bourgain and Gamburd [6], [7] proved (in the K = 
SU(d) case) that if \i satisfies some additional conditions (i.e. the support 
of \i consists of matrices with algebraic entries) than the right hand side is 
estimated by 1 — c independently of (p. As we mentioned in the introduc- 
tion, Conze and Guivarc'h [9] proved the ratio limit theorem under certain 
assumption. This assumption is that K = SO(d), and 6 (fx) satisfies (6) with 
1 — c on the right independently of ip. 

If one improves the estimate in Theorem A, then our argument presented 
below provides better estimates in Proposition 4 and Theorem 3. In partic- 
ular, one can replace the right hand side of (6) with 1 — clog _A (||y2|| L ip + 2), 
then one can write 1 — cmin{r 2 , log~ A ~ 1 (||<^||Li P + 2)} on the right hand side 
of (5) and 0(e~ c[1 (j4+2) ) \\f\\ w instead of the second error term in (1). In 
fact, Theorem A is proved with better bounds for most Lie groups; except 
for those which project onto SO(3). For details, we refer to [24]. Moreover, 
for certain generators (e.g. when they are given with algebraic entries), the 
estimates are available even with A = 0, (as we discussed above). 

The rest of the section is devoted to the proof of Proposition 4. A sim- 
ple observation shows that it is enough to prove it for symmetric measures. 
Indeed, we have 



and S*S r is the operator analogous to S r corresponding to the symmetric 
measure Jl* fi. It is easy to check that if any of almost non-degeneracy, finite 
moments of order a or (SSR) holds for /i, then the same conditions also 
holds for Jl * ii. It may happen that (C) fails for Jl * /i, but we can change 
the origin so that it will hold. (See Lemma 20.) In addition, this argument 
shows that we can assume that S r is positive. From now on, until the end 
of the section, we assume, that fi is symmetric, almost non-degenerate, has 
finite second moments and satisfies (C) and (SSR). Moreover we assume 
that S r is self adjoint and positive. 

We begin with a simple lemma which shows that the length of the trans- 
lation part of 7 with n*"> probability at least 9/10 is bounded above by 



S r <p\\l = (S r ip,S r (p) = ((p,S*S r (p) < \\S*S r (p\\2 



(7) 



< VI. 



Lemma 5. 
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Proof. For I = 1 the statement is obvious, for I larger the proof is by induc- 
tion: 

V(7)l>* (m) (7) = f I H lxl2 )\ 2 d»{ l2 )d^ l \ lx ) 

Hli) + ^(71)^(72) \ 2 dfi( l2 )dl2* w ( 7l ) 

l^(7r 1 )^(7i) + ^(72)| 2 rf/i(72)^ (/) (7i) 

(K7i)| 2 + K7 2 )| 2 

+2(^ 7 r 1 )^(7i)^(72)))rf/i(72)^«(7i). 

Integrating out 72, the third term in the last line vanishes by (C). This 
proves the lemma by induction. □ 

Until the end of the section, we fix r > and a function (p 6 Lip(S' a!_1 ) 
and prove Proposition 4 for these. The strategy of the proof is the following. 
We fix two integers 

h = [Ci(r~ 2 + log 3 (|M| Lip + 2))], l 2 = [C 2 (r- 2 + log 3 (|M| Lip + 2))] 

and where C\, C 2 are suitably chosen large constants depending on \i but not 
on ip or r. 

Consider the set of isometries, for which (f is an almost invariant vector 
in the p r representation. More precisely, define the set 

B(e) := {7 e Isom(R d ) : \\p r (j)<f - <p\\ 2 < e}. 

In what follows, we assume to the contrary that 

^ h \B(e)) > 9/10 (8) 

for both i = l and i = 2, for some e > whose value will be determined at 
the end of the proof depending on \i. 

Now we clarify the dependence of the three parameters e, C\ and C 2 we 
introduced. First e is to be set to be sufficiently small depending on /1, then 
we set C\ to be sufficiently large depending on \i and e, finally we specify the 
value of C 2 sufficiently large depending on C\ and \i. 
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At the end of the section, we will see that the failure of (8) indeed implies 
Proposition 4, and the constant c in the proposition depends only on e, C\ 
and C*2. 

We proceed by various Lemmata which show under the hypothesis (8) 
that B(e') contains larger and larger families of isometries if e' becomes 
larger and larger. We will reach contradiction when we show that we can 
find translations of length comparable to r _1 in many directions. 

In the first lemma, we conclude that -B(4e) contains isometries with an 
arbitrary prescribed rotation part and translation part proportional to \fl. 

Lemma 6. Suppose that (8) holds with some e > for i = 1. Suppose 
further that C\ is sufficiently large depending on fx and e. Then there exist 
a constant C which depends only on /i and C\ such that the following holds: 
There is a set X C B(Ae) such that 

6{X) = K 
\v{^)\<C^k for 7 eX 

Proof. We deduce the lemma from Theorem A. Let B be the cH^H^ neigh- 
borhood of the identity in K° . The choice of c > depends on e and the 
geometry of K° C 0(d), and we do it in such a way that any element a G B 
moves a point of S d ~ l to distance at most ^IMIup- Then we have B C B(e). 
Take an approximate identity ip on K, which has the following properties: 

supp (VO C B, J ijdm K = 1 and ||^|| Lip < C|MlL+ dimi ". 

Note that these imply that H^lh < C||y 9 llLip mX ^ 2 - These constants again 
depend only on K and e. Now we apply Theorem A successively l\ times 
starting with the function (1 — ?/>)/||l — ^|| 2 , and get 

Hi- J^{e-'a)dB{nT^\e)\\ 2 <^ 

provided C\ is sufficiently large depending only on fi and e. Recall that 
l\ > C\ log 3 ( || if || Lip + 2). We note that taking the average of translates of tp 
may only decrease the Lipschitz norm. 

Now let Y C B(e) be such that /j,* (h \Y) > 8/10, and 

K 7 )| < for 7 GF. 
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For a sufficiently large C depending on (the second moment of) /i and C\, 
this is possible due to the assumption (8) and Lemma 5. Denote by v the 
measure we obtain from 6(11*^) if we restrict it to the set Y, and normalize 
it to get a probability measure. Then we have 

II |v(rV)d^)ll2<(i + ^)-y<V2- 

Thus 

m K {9{Y)B)) > m K (supp(J ^(9^a)du(9))) > 1 
which proves the lemma with the choice X = 9{Y)B9{Y)B. □ 

Lemma 7. There are constants c, C > which depend only on fi such that, 
we have 

//«( 7 : \(v(j),u }\ > cVl and |v( 7 )| < CVl) > 1/2, 
for any sufficiently large (depending only on \i) integer I, and any u G S 4 " 1 . 

Proof. The lemma is an easy consequence of the central limit theorem, i.e. 
Theorem 1. □ 

We could, off course, replace 1/2 in the lemma with any number less than 

1. 

Now we can show that under our standing assumption (8), B(9ei) con- 
tains a nontrivial translation. 

Lemma 8. Suppose that (8) holds with some 1/2 > e > for i = 1 and 
i = 2. Suppose further that C\ is sufficiently large so that Lemma 6 holds 
and C 2 is sufficiently large depending on \i and C\ . Then there are constants 
c, C > depending only on fi, such that for any u G S^ 1 , there is an 
element 71 G B(5e) with the following properties: 

|u(7i)| < Cy/h, (v(7i),Uo) > cVk and #(71) = 1. 

Proof. Denote by Cq and Co the constants from Lemma 7. Using that lemma 
with / = l 2 and (8) with % = 2, we find an element 72 G B(e) such that 

\(v{j2),u }\ > co^/k and ^(72) | < CoV^- 
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On the other hand, applying to Lemma 6, we can find 73 G B(4e) that 
satisfies: 

0(73) = fe) -1 and |^(73)| <C' Q y/T u 

where C' Q is the constant C from that lemma. 
We demand that I2/I1 = C 2 /Ci is so large that 

Cqv^ > 2C' y/h. 

Then it is an easy calculation to verify that 71 = 7273 has the claimed 
properties. 

□ 

Recall the definition of I2, in particular that it implies \JTi > y/C^r^ 1 . 
The next Lemma shows that we can find a translation 7^ with properties 
similar to that of 71 in the previous lemma, but which is shorter. 

Lemma 9. Under the same hypothesis as in Lemma 8, there is a constant 
c > which depend only on \i, and there is an element 7^ G B(26e) with the 
following properties: 

|^( T i)| <r~ 1 /2, {v(j[),u Q ) >cr~ 1 and 9(i x ) = I. 

Proof. Let 71 G B(5e) be an isometry with the properties stated in Lemma 
8, and write v = v(ji). For simplicity we assume that (v,u ) > 0; the other 
case is similar. By the assumption (SSR), we have 

J (9v,u )dm K o(6) = 0. 

Thus, there is 9\ G K°, such that (9iV,uq) < 0. 

There is a curve 6 : [0, 1] -> K° such that 6(0) = 1 and 9(1) = 9 1 , and 
the length of the curve [0,1] —> Q(t)v is less than C\v\, where C depends 
only on the embedding of K° to 0(d), hence on fi. Then there is a sequence 
of rotations 

CO = 1,01, 02, . . . ,C7/v = 01 G if° 

with < 2Cr\v \ + 1 such that for any 1 < i < N 
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By the pigeon hole principle, there is an index 1 < % < N, such that 

(ai-iv - a { v, u ) > (v, u Q )/N > cr~ l 

with a suitably small constant c > 0. (c depends on C and the constants 
appearing in the previous lemma.) 

Now let Qi G B(Ae) be such that 9(gi) = <Ji\ such elements can be found 
by virtue of Lemma 6. The proof is finished by an easy verification of the 
stated properties for the element 

ix ■= gi-iiigT-iQiix 1 ^ 1 - 

□ 

Proof of Proposition 4- Fix a function (p and r. We assume to the contrary 
that (8) holds for i = 1 and i = 2. 

Now let c > be the constant from Lemma 9. Clearly, there is a point 
u G S^ 1 , such that 

/ W?dZ > c', (9) 

J\i-u \<c/2 

with a constant d > that depends only on c and d. By Lemma 9, there 
is an element j[ G B(26e) such that 9 = 1 and v' := u(7i) satisfies 
\v'\ < r~ 1 /2, and \(v',u ) \ > cr^ 1 . This leads to the inequality 

/ |(i- e (r<ey>Mor^<(265) 2 . 

If |^ - uq\ < c/2, then c/2 < \r(£,i/)\ < 1/2. This and (9) gives 

|l-e(c/2)|V< (26e) 2 , 

which is a contradiction if we choose e to be sufficiently small. Since c and 
c' depends only on /i, it follows that e depends only on \i. We chose C\ 
depending on \x and e in Lemma 6 and Ci depending on C\ and [i in Lemma 
8. Thus all this parameters depend only on \x. 

Thus far, we showed that (8) can not hold for both % — 1 and i = 2, i.e. 

^ {h \B{e)) < 9/10, 
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for either i — 1 or i — 2. For simplicity, assume that U is even. Then we can 
write 



= f(p r ( 1 ) V , V )d^\ 1 ) 

< J (p r (7)^ + p r (7~ 1 )^^)/2^*^ ) (7) 

< / (p r ( 1 )cp + p r (r 1 )<p,<p)/2d^( 1 )+^(B(e)) 

Jlsom(R d )\B(e) 

< (1 -£ 2 / 2 )/10 + 9/10. 

To deduce the last inequality, we used the identity 

(pr(l)V + Pr(7~ 1 )V> <P) = 2 - ||Pr(7)^ — Vlll- 
£ ■ /2 

We concluded that ||SV C V^) 1 1 2 < e_c f° r some c > depending on p. By 
selfadjointness of S r we can deduce that HSV^Ih < e~ 2c ^ l \ We compare this 
with the definition of 

/, = [C i (r- 2 ,log 3 (|| V 9|| Lip + 2))] 
and finish the proof. □ 



4 Estimates for low frequencies 

As in the other sections, p is a fixed probability measure on Isom(R d ). Re- 
call that K is the closure of the rotation group generated by supp#(/I * p). 
Moreover, we assume that supp9(p) C 9 K, where 9 G 0(d) is a rotation 
which normalizes K. 

Fix a point Xo G R d , the starting point of the random walk, and fix a real 
number r > 0. Define 

^o(0 = e(r(x ,0) = R*Sr(^ )(0 

for £ G S^ -1 which is the Fourier transform of the measure 5 Xo restricted to 
the sphere of radius r. Our objective in this section is to estimate Styo. The 
estimate will be useful in the range r < Z -1 / 2 log/, i.e. when the frequency is 
sufficiently small. 
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The next proposition shows that S r ip is approximated by the Fourier 
transform of a Gaussian distribution with covariance matrix A which depends 
on \i. 

Proposition 10. Assume that fi is almost non- degenerate, has finite mo- 
ments of order a for some a > 2 and satisfies (C). There is a constant 
C and a symmetric positive definite quadratic form A(£,£) on R d invariant 
under the action of K and 8q, such that the following holds 

H^Vo - e- r2[A \\ 2 < C( r -*{i,«-2} + |x | 2 r 2 ). 
Moreover, if is symmetric or satisfies (E), then we have the better bound: 

ll^o - e~ r2lA h < C(r^ 2 > a -V + \x \ 2 r 2 ). 
When a = 2, the constant C can be taken arbitrarily small as r — > 0. 

The rest of this section is devoted to the proof of this proposition, and 
in Section 4.4 we will give a slight improvement for the range r > l~ x l 2 . 
However, this improvement requires the assumption (SSR) and it is based 
on the results of Section 3. 

Throughout this section (i.e. Section 4) we make the following assump- 
tions. We assume that r is small, i.e. r < cmin{l, |xo| -1 }, where c is a 
suitable small constant. For r larger, the statement of the proposition is 
vacuous. We assume that fi is almost non-degenerate, has finite moments of 
order a > 2 and satisfies (C). 

In addition, at certain parts we assume that /i is symmetric or satisfies 
(E), but we always mention these explicitly. 

The argument is based on Tutubalin's paper [23]. The most significant 
difference is that we consider the following, more general, decomposition of 
the space 7-L := L 2 (S d ~ 1 ). This is due to the fact that we do not assume 
K = SO(d). 

Let 7i be the subspace of functions (p EH which are fixed by the action 
of K, i.e. <p{0!;) = for every 9 e K. For later reference we note that if 
if G "H, then the orthogonal projection of <p to "Ho is obtained by the formula: 

J ip(60dm K (6). (10) 

Denote by Vk C H the space functions which are restrictions of degree k 
polynomials to S^ 1 . We define the spaces Tik, k > 1 recursively. Once Hk 
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is defined, let Hk+i be the orthogonal complement of Hk in the space 

span {ipip : ip G V k +i, ¥ G U }, 

where span{-} denotes the smallest closed subspace that contains the func- 
tions inside the brackets. Since Vk C Hq © ... © Hk, we have indeed 

h = h ®h 1 ® .... 

In the special case K = SO(d), Hk is the familiar space of spherical 
harmonics of degree k, which was considered in Tutubalin's paper. 

Denote by Hoo = 1-1^®%$®. . .. Finally, let p : H — > Hi be the orthogonal 
projection operator for each i e {0, 1, . . . , oo}. 

Taking r = 0, it is easy to see that the above subspaces are invariant 
for So- Below, we will show that they are "almost invariant" for small r; 
more precisely, we will bound the norm of PiS r Pj by a polynomial of r, for 
i 7^ j. Additionally, we will see that the norm of PiS r Pi for all 1 < i < oo 
is strictly less than 1. However, the dependence on i would require a more 
careful analysis. Fortunately, we do not need to do this here, since as we will 
see, the contribution of the spaces Hi, i > 4 is negligible compared to other 
error terms, and this is why we introduced the space Hoc. These estimates, 
which are simply based on Taylor expansion, will be given in Section 4.1. 

To simplify notation, we write ipi = (Po'S'r-Po)Vo for I > 1. We will use 
the almost invariance of S r mentioned in the previous paragraph to show 
that ipi is a good approximation to S l r ijjQ. This is done in two steps. We 
set P = Po + Pi + P2 + P3, and consider another sequence, defined by ip[ = 
(PS r P) l ipo fc> r I > 0. The next two Lemmata that will be proved in Section 
4.2, claims that 7t| approximates S l r ip and ipi approximates ip[. 

Lemma 11. There is a constant C > such that the following holds: 

||^-^o|| 2 <C(r min{Q - 2 ' 2} + (|x |r) 4 ). 

Moreover, when a = 2, we can replace C in the above estimate by C r — > as 
r — >■ 0. 

Lemma 12. There are constants C, c > depending only on fi such that the 
following holds for I > Clog(r~ 1 |xo| + 2): 

\\^-^h<Ce- cr \. 
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If fi is symmetric, then 

Wi-Mh^Ce— V. 

If fi satisfies (E), (but not necessarily symmetric), then 

Ui - tfh < Ce- cr2, (r mill{ " 1,2} + Mr 2 ). 

In light of these Lemmata, it remains to understand the operator P S r Po- 
This is essentially a multiplication operator as the next formula shows. For 



P S r P oV (0 = j j e{r{ai,v{ 1 ))) V {e{ 1 )- 1 ai)d^ 1 )dm K {a) 

= F(0<p(e^), (ii) 

where 

F(0 = J J e{r(a^v{l))W{l)dm K {o-). (12) 

Recall that supp#(/x) C 9 K, and 9 normalizes K. 

Based on this formula and the Taylor expansion of the function F, we 
will show the following lemma in Section 4.3. 

Lemma 13. There are constants C, c > and a quadratic form A on H d 
depending only on fi such that 

Ml - e- lr2A \\ 2 < C<e- dr - 2 (r min{1 * a ~ 2} + M V). 

A is invariant under K and 6q. 

Moreover, if /i is symmetric or satisfies (E), then we have the better 
estimate 

||^ _ e - lr2A \\ 2 < c e - dr - 2 (r min{2 ' a ~ 2} + M V). 
Proposition 10 immediately follows from Lemmata 11-13. 



4.1 Taylor expansion, and approximate invariance 

In this section we give some estimates for the norm of the operators PiS r Pj. 
These will be deduced from the following lemma, which is based on Taylor 
series expansion of the function e(r(£, v (7))) which is the multiplier in the p r 
representation. 
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Lemma 14. There is an absolute constant C > such that for any tp G H 
with \\(f\\2 = 1 and 7 G Isom(R d ) with #(7) G 6*0-^ we have 

\\PiPMPw-Po(ri)Pifph < Cr\v(j)l (13) 

||P jPr (7)P^|| 2 < min{l, C{r\v(rf)\)W}. (14) 
Proof. For the proof, we can assume that if G Hi. By Taylor's theorem, 



'M-l 

X;Cm(e^(7)) w + C(r M |.;(7)| M ) 

m=0 



^(7)" 1 0, 



where C = 1, and C m are constants depending on m and r, while the implied 
constant is absolute. 

To deduce (13), take M — 1, and note that 

Po(7M£) = ^(7) _1 = p«(^( 7 )- 1 0)- 

Since ip £ Hi, we have 

V? = Pii>i + ■■■ +Pkipk 

with some pi, . . . ,p k G 7^ and ^1, • • • , V'fe To deduce (14) when j > z, 

take M = j — i. Write 

j—i—l 
m=0 

Then 

j— i— 1 

m=0 

where 5 , (OPn(6'(7)^ 1 £ Pj-i for 1 < n < k. Thus after applying Pj, this 
term vanishes. This proves (14) when j > i. 

Let now j < i, and let ip G Hj with H^l^ = 1 be such that 

II PjPr (7MI 2 = (Pr(l)(f,^) = (^,p r (7 _1 )^) < II ^iPr (t" 1 )^ II 2- 

Then the claim follows from (14) applied for ?/> and 7 -1 and the role of i and 
j reversed. □ 
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Lemma 15. There are constants c < 1 and C depending only on fi such that 
the following hold 



\PiS r Pi\\ < c for r < c and 1 < i < 3, 
P*S r PA\ < Cr min{li - jM . 



Moreover, when \i—j\ > a, we can replace the second estimate by o(r mm ^ 1 ^> a ^). 

The significance of the last line is simply that we can conclude the central 
limit theorem even in the case a = 2. 

Proof. To prove the first inequality, we integrate (13) with respect to dfi(j): 



This estimate shows that it is enough to estimate the norm of So on 
%i®%2®'Hz- Denote by V the orthogonal complement of %q PI V3 in V3. 
For each <p G V, HSgSovlh < II V 9 II 2, because otherwise would be invariant 
under K, i.e. <p G Hq. Since V is finite dimensional, there is a constant 
c < 1 such that ||^S ^|| 2 < c||^|| 2 for tpeV (cf. (7)). 

Note that any ip G "Hi © W2 ® Hz is of the form pi^i + ■ ■ ■ + Pk^k with 
Pi G V and ipi G "Ho- Let </?i, . . . , tpu be an orthogonal basis of V consisting 
of eigenvalues of S^Sq. Observe that the spaces p i ■ %q are eigenspaces of 
SqS with the same eigenvalues as <p>i and they span H 1 © H 2 © ^3- Hence 
we are able to conclude that 



for i = 1,2,3. This combined with the first formula of the proof gives the 
first claim provided r is sufficiently small. 
For the second claim, we integrate (14): 




PiSoPi\\ 2 < ||P,;S'qS'oP,;|| < C 




If \i — J I < ex, we can simply write 
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and the claim follows from the moment condition on fi. If \i — j\ > a, we 
write 

||PA(7)^II < Cr a J | V ( 7 )rmin{(r|t;(7)|)- a ,(r| W (7)|)l^l- Q }dM7)- 
Observe that 

mm{(r\v(-f)\)~ a ,(r\v(-f)\) ll - jl - a } < 1 

and that it tends to for all 7 as r — > 0. Now the claim follows by the 
dominated convergence theorem. □ 

The bound on PiS r Po in Lemma 15 is not optimal. Indeed, it is easy to 
see that the linear terms in the Taylor expansions cancel due to condition 
(C). 

Lemma 16. There is a constant C such that 

\\Pi3 r Po\\ < Cr 2 . 
If [i also satisfies (E), then we get the better bound 

\\PiS r P \\ < Cr mhl{3 ' a} . 

Proof. Take (p G Ho, and as in the proof of Lemma 14, write the Taylor 
expansion: 

PrdMO =[l + Ci<£, «( 7 )> + C7 2 (e, v^)) 2 + 0(r>( 7 )| 3 )] rte^t). 

Similarly to the proof of Lemma 15, we integrate this inequality. To get 
the first claim, we only need to note that 

j (t,v(i))Mi) = UJ v(i)Mi)) = 

because of (C). 

Assumption (E) implies that %q consists of even functions, and hence %i 
contains only odd ones. Since 



(e,«(7)> a dM7)-^ 1 
is even, it is in the kernel of P\. This establishes the second claim. □ 
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We also need a norm estimate for P S r Po. As we remarked in (11), this 
operator is essentially a multiplication operator by the function F. Hence 
what we need to understand is the behavior of F near the origin. 

Lemma 17. There is a constant C such that 

|F(0-(l-r 2 A(^0)|<Cr min ^, 

where A(£, £) is a positive definite quadratic form depending on fi. If a < 
3, then the above bound can be improved to o(r a ). Furthermore, if \x is 
symmetric or satisfies [FT), then we have the improved bound: 

|F(0 - (l-r 2 A(£,0)| < Cr miD{4 ' a} . 

As an immediate corollary, we get that ||Po5V-Po|| < 1 — cr 2 for some 
constant c > 0. 

Proof. We use the Taylor expansion in the definition of F, i.e. in equation 
(12) the same way as we did in the previous lemmata: 

F(fl = f J\ + C x {tTtv{i))-C^{trtv{i)) 2 
+C 3 R, v^fdm^d^) + 0(r min ^), 

where C\,C 3 are constants depending on r and fi, C 2 is an absolute and 
positive constant, and the implied constant is depends on \i. 

First we note that as in the proof of Lemma 16, (C) implies that 

J KX 7 ))d//( 7 ) = o 

for all a and £. Hence the linear term vanishes in the above Taylor expansion. 
Second, 

A(£,0 := f J C^iaZX^ydmKiaWd) 

is clearly a K invariant positive semi-definite quadratic form. We only need to 
show that it is strictly positive definite. Denote by V the maximal subspace 
of R d on which A(£, £) vanishes. By the definition of A, all v (7) is orthogonal 
to V, which would contradict almost non-degeneracy if V 7^ {0}. 
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If a > 3 and (E) is satisfied, then for all £, there is cr^ G if such that 
= — £. Then 

aC,'y(7)) 3 dm K ((7) = J (a£,v(-f))' 3 + (cr^f, v(7)) 3 dm x (cr) = 0, 

hence the cubic term of the Taylor expansion of A vanishes. 
Finally, if /i is symmetric and a > 3, then 

K,^(7)) 3 ^x(a)rf/i( 7 ) = y J(£,av(j)) 3 + 
(^,^( 7 )t;(7- 1 )) 3 rfm x ( ( T)d / i(7) = 0. 

The first equality follows since /i is symmetric and tuk is invariant under 
multiplication by #(7). The second one follows from 9(^)v (7 -1 ) = — v (7). 
The proof is finished by combining the above estimates. □ 

4.2 Approximating S r by PoS r Po 

Lemma 18. There are constants c and C , such that the following hold: 

WPx^'ih < C(r 2 + e~ d \x \r) and (15) 
Wih < C(r min{i > a} + e - d |x |V) (16) 

fori G {2,3} and I > 0. 

For I > Clog(r _1 |xo| +2), we have 

Wih < Ce- crH (17) 
WPi^'i II 2 < Cr 2 e" cr2/ and (18) 
ll-P^lh < Cr min{i ' a} e- cr21 (19) 

/one {2,3}. 

Moreover, if ft satisfies (E), then we can replace r 2 by 7- min {3,a} in (15) 
and (18). 

The following proof is very technical although the idea behind it is very 
simple. The argument is based on induction on I, the norm estimates of the 
previous section and triangle inequality. 
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We first give a brief sketch which suggests why the induction works. For 
simplicity, take xq = and suppose that the Lemma holds for some I. We 
can write 

3 

j=Q 

We use the induction hypothesis and the Lemmata of the previous section 
to bound the terms. 

What we need is essentially the inequality 

(i - HP^IDIlP^'lh > J2 ll p ^-llil p ^l|2. 

Notice that if we plug in our estimates that we obtained in the previous 
section, then all terms on the right hand side is of the same or smaller order 
of magnitude than the left hand side for any i and j. In the following diagram 
we draw a directed edge from vertex j to i, if the corresponding term on the 
right is of the same order as the left hand side. 



(The dotted edge is present when (E) is assumed.) Since it does not have a 
directed cycle, we can set the constants in (17)— (19) following the edges of 
the diagram such that the induction will work. 

Proof. We do not give a separate proof for the last statement, but it will be 
clear that using the improved estimates in Lemma 16 available under (E), 
we get the better error terms. Let (3q and B be constants whose existence 
is guarantied by Lemmata 15-17 such that 

WrPoW < e"^ 2 , (20) 

\\PiS r Pi\\ < fori e {1,2,3} (21) 

\\PiS r Pj\\ < B r min{a ^- m and (22) 

\\PiS r Po\\ < B r 2 . (23) 
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The proof is by induction, and we begin with (15) and (16). We suppose 
that \xq\ > 1. In the opposite case the argument is identical; we only need 
to replace |xo| 2 and |xo| 3 everywhere by \xq\. We show that 

\\Piip'ih < Ci(r 2 + e- M/2 \x \r) and 
ll^lh < a(r min{i ' a} + e- /3o//2 |x |V i ) 

for i e {2, 3} and I > 0, where d > 1 are suitable constants to be specified 
later. For I = 0, the claim is verified easily by the Taylor expansion of i[)q. 
Suppose that the claim holds for I, and we prove it for I + 1. To estimate 

3 

WU.ih< y £ l \\PiSrP J \\-\\P^ll (24) 

3=0 

we use the induction hypothesis for H-P/V^lta an d the norm estimates (20)- 
(23). We write for i = 1: 

HA^'+ilh < B Q r 2 + e- ft) Ci(r 2 + e- M/2 \x \r) 
+B rC 2 (r 2 + e-^ 2 \x \ 2 r 2 ) 
+B r 2 C 3 (r min{3 ' a} + e-^lxolV) 

< ([B (l + rC 2 + r 2 C 3 ) + e^dV ' 2 ) ■ (r 2 + e^+^lxolr), 

To obtain the last line, we use inequalities of type 

( r 2 + e -/W2| Xo | V ') < e M2 {r 2 + e~^ l+1 ^ 2 \x \ j r j ) 

and also r\xo\ < 1 that we can suppose without loss of generality as we 
mentioned it at the beginning of Section 4. For i = 2: 

\\P^' l+1 h < B r 2 + Bordir 2 + e-^ 2 \x \r) 
+e-^d(r 2 + e- M ' 2 \x \ 2 r 2 ) 
+B rd(r min{3 ' a} + e- M/2 \x \ 3 r 3 ) 

< ([B (l + d + rd) + e-^d]e M2 ) • (r 2 + e~^ l+1 ^ 2 \x \ 2 r 2 ), 

We derive the last line the same way as before, but we also use the 
inequality \xq\ > 1. For i = 3: 
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IWi+i h < B r min{3,Q} + Bo^dir 2 + e-W 2 \x \r) 
+B rC 2 (r 2 + e-W 2 \x \ 2 r 2 ) 
+e -M^C 3 (r min ^ + e-^'/ 2 |x | 3 r 3 ) 
< ([B (l + Ci + C 2 ) + e-P°C 3 }e M2 ) ■ ( r min{3 - a} + e - Ml+1)/2 \x \ 3 r 3 ). 

Now the claim is satisfied, if we take 

d = 2e*>' 2 B /(l-e-W 2 ) 

C 2 = 2e M2 B (l + C l )/(l-e-P Q l 2 ) 

C 3 = e ft/2 J B (l + C 1 + C 2 )/(l-e- A)/2 ) 

and r is so small that rC 2 + r 2 C% < 1 and rC% < 1. 

The proof of (17)-(19) is very similar. We begin by choosing l such that 
e~P° l °/ 2 \xo\r < r 2 . We show by induction that for I > l the following hold: 

||P ^|| 2 < C'e-^ 2 , 
\\Pifih < C[r 2 e-^ 2l/2 and 
Wih < C' ir min{i ' a} e-P° r2l/2 



for i e {2, 3} and / > 0, where C' = e^ 1 "/ 2 and for i > 0, C[ > Cie^ rH °/ 2 are 
suitable constants to be specified later. We note that Mo/ 2 = log(|xo|/r) < 
r~ 2 since \xo\r < 1. Hence e^ r l °^ 2 < e, so the above constants are bounded 
independently of x and r. 

From the first part of the proof it follows that the claim holds for I = Iq. 
Now we suppose that it holds for a particular I > l and prove it for I + 1. As 
above, we use (24) along with the induction hypothesis and (20)-(23). We 
get: 

Wi+ih < e-^ r2 C' e-^ 2 + B rC[r 2 e-P° r21 / 2 
+B r 2 C' 2 r 2 e-^ r2l l 2 

_j_^ r min{3,Q}^(/ r min{3,Q!} e ~/3or 2 J/2 



e /3 r 2 /2\ . e -A,r 2 («+l)/2 
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\Pi^i +l h < B r 2 C' e-^ 2 + e-^C[r 2 e~^ r21 / 2 
+B rC' 2 r 2 e-P° r21 / 2 
+ B r 2 C' 3 r min ^- 3,a ^ e~^° r2 ^ 2 

< ([e-^Ci + B (C + rC 2 + r^^C , 3 )]e Po ^ 2> \ ■ r 2 e -^ l+1 ^ 2 , 

\FM+ih < B r 2 C' e-^ 21 / 2 + B rC[r 2 e-^ 21 / 2 
+ e-^C' 2 r 2 e-^ r2l l 2 
+B rC' 3 r mhl{3 ' a} e- l3or2l/2 

< ( \e-P°C' 2 + B (C + rC[ + r" 1 ^ 2 ^ 1 ^;)^*^ 2 ) • r ^ e -^(l+i)/2^ 



\W l+1 h < B r mh ^C' e-P° r2l / 2 + B r 2 Cy 
+B rC' 2 r 2 e-P° r21 / 2 

_|_ e -A)^ r min{3,a} e -/3 r 2 V2 

< (le-P°C 3 + B (C + rC[ + ^)]e /3 ° r2/2 ) • r min < 3 ^ e -^{i+i)/2 . 

Take 

2C' B e^ 2 / 2 2C B e^ 2 / 2 2B (C + C 2 )e^ 2 ' 2 

1 - (1 _ e -/3 +ft)r 2 /2) ' 2 - (1 _ e -ft>+/3or- 2 /2) > °3 - ^ _ e _ A+( g or 2 /2 ^ 

and observe that the claim holds for I + 1 if r is sufficiently small. □ 
Proof of Lemma 11. By the triangle inequality, we have 

l-l 2-1 

ll^'-^olh < \\S l - k -\S r -PS r P)(PS r P)%\\ 2 < E ll(^-P5 r P)^|| 2 

fc=0 k=0 

To estimate the terms, we write: 

3 

\\(S r - PS r PW k \\ 2 < \\PooS r Pj\\ ■ \\PM\li 

j=0 

which is valid for k > 1 since ip' k G Hq © . . . © Recall that P^ is the 
projection to the complement of "Ho © • • • © %3- 
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We use Lemmata 18 and 15. For 1 < j < C\og(r 1 \xq\ + 2), we have 

\\(S r - PS r P)i// k \\ 2 < C(r min ^ Q > + |x | 3 r 4 e- cA; ), 

while for k = 0, we have to add |xo| 4 r 4 to the above estimate. For k > 
Clog(r _1 |x | +2), we have 

|| (S r - PS r P)^' k \\ 2 < Cr min ^e- cr2k . 

Summing for k, we get the statement of the lemma. 

Looking at the proof, it turns out that the constant C in the Lemma 
ultimately depends on the constant in Lemma 15, hence it can be taken to 
be arbitrarily small as r — > when a = 2. □ 

Proof of Lemma 12. By the triangle inequality: 

Ui-tth = \\(p s r p )%-(ps r p)%\\ 2 
i-i 

< UPoSrPoY^iPoSrPo ~ P S r P)(P S r P)^ \\ 2 
k=0 

1-2 

< ll^o^Poll^"- 1 ■ \\{P S r P - P S r P)ij' k \\ 2 

k=0 

+ \\(P S r P -PS r PW l _ 1 h- 
As in the previous proof, we write 

3 

\\(p s r p - p G s r PW k \\ 2 = \\PoSrPj\\ ■ \\PMW 

Again, we use Lemmata 18, 15, 16 and the estimate ||PoSVPo|| < 1 — cr 2 
which follows from Lemma 17. For k < log(r _1 |xo| + 2) we can write 

HPo^Poll^- 1 • ||(PoS r Po - P S r PW k \\ 2 < Ce- cr2l l\\x \r 2 e~ ck + r 3 ) 

While for k > log(r _1 |a;o| + 2) we get 

HPo^Poll^- 1 ■ ||(P 5 r P - P S r P)iP' k \\ 2 < Cr 3 e- cr2 ^ 

and 

\\(P S r P - P5 r P)Cll|2 < ||(iWo - PoSVP)V>;_l!h + \\(PoS r P - PSrP^lS 
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Summing up for k, we get the first statement of the lemma. 
If fi is symmetric then S r is selfadjoint, hence 

UPoSfPiH = ||PiS r P || < Cr 2 . 

Using this instead of Lemma 15, we get 

HPoSVPoll^- 1 • \\(P S r Po ~ PoS r P)ip' k h < Cr A e~ c ^ l - x \ 

and the better estimate follows after summation. 

If fi satisfies (E) instead, then the better estimate in Lemma 18 gives 

HPo^Poll^ 1 ■ \\(PoS r Po ~ P S r P)ip' k \\2 < Cr^^e-^ 1 - 1 -^. 

□ 

4.3 Proof of Lemma 13 

Again, we only show the first inequality in the Lemma, the second follows 
along the same lines by applying the improved estimate in Lemma 17. 

Using the Taylor series expansion of ipo together with (C) and finite sec- 
ond moments, we see that 

V>o(£) = l + 0(|x |V), 

where the implied constant only depends on fi. Furthermore, we have by 
(11) that 

l-i 

where F is given by (12). 

Let A be the quadratic form appearing in Lemma 17. Define A to be 
its symmetrization by the group generated by 9q, i.e. 



Ao(e,o := ism -Va^vo- 

n— >oo n 

8=0 

In light of the previous inequalities it is enough to show that 
i-i 

| Y[ P( VO - e- lr2Ao ^ | < Ce- lr ' 2 r min{1 ' a - 2} (25) 

3=0 
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for all £. 

The rest of the proof is devoted to this inequality. By Lemma 17, we have 
1-1 1-1 

5>gF(V0 = -r 2 ^A(V^o J + Or mM ). 

3=0 3=0 

Denote by W the space of quadratic forms on R d , and denote by ©o G 
End(W) the linear transformation induced by 9 . It is easily seen that O is 
diagonalizable and all its eigenvalues are on the unit circle of C. Denote by 
Wq the 1-eigenspace of 0o- Hence A is the projection of A to Wo- Then on 
the orthogonal complement of Wo, we have 

E j _ Up 1 
u ° - 0-1 _r 

Thus it follows that 

i-i i-i 

J>(«, Oo j = ^e - J A(e,e) = ZA (£,£) + 0(1). 

3=0 3=0 

The implied constant depends on the distance of the non-trivial eigenvalues 
of 9 to 1. 

If we combine our inequalities, we get 

i-i 

^logF(V0 = -Zr 2 A (£,0 + 0(r 2 + / r min ^ 3 ^). 

3=0 

This immediately implies that there is a constant c > such that 

i-i 



-civ 

3=0 



If we use the inequality |e — e | < (A — v3) max{e , e }, then we get 
i-i 

| JJ F(e~ j - e -ir 2 *am\ < C'e- dr2 (r 2 + /r min ^ 3 - Q >). 

3=0 

To obtain (25) and hence the lemma, we only need to note that 

e~ dr2 l < - ■ e~ dr2 l 2 r- 2 . 
c 
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4.4 Some improvements using (SSR) 

The purpose of this section is to give the following slight improvement of the 
bounds in Proposition 10. The proof depends on the results of Section 3, so 
it is important to note, that for the argument of Section 3, Proposition 10 
itself is enough. In fact, we can even get Theorem 3 without the results of 
this section at the modest expense of multiplying the first error term by log/. 

Proposition 19. Assume that \i is almost non- degenerate, has finite mo- 
ments of order a > 2 and satisfies (C) and (SSR). There are constants C, 
c and a symmetric positive definite quadratic form A(£, £) on R d invariant 
under the action of K and 9 , such that the following holds 

||^o - e- r3lA \\ 2 < C(r min ^ a ^ + |x | V) • (e'^ + r wd ) (26) 

for r < Z -1 / 3 . Moreover, if fx is symmetric or satisfies (E), then we have the 
better bound: 

||^Vo - e~ r2lA h < C{r^ 2 ^ + |x | V) • (e"* 2 + r wd ). 

Notice that the estimate differs only by the factor (e~ dr2 +r 10d ) compared 
to Proposition 10. We indicate how to modify the argument in the previous 
sections to obtain this improvement. We only need to sharpen Lemma 11 by 
the same factor. 

First we note, that Proposition 19 gives an improvement only if I > r~ 2 
and recall that I < r~ 3 is assumed in the proposition. Hence, we only consider 
the range r~ 2 < I < r -3 . 

Similarly to the proof of Lemma 11, we write 

i-i 

\\S l r ^ -(PS r P)^ \\ 2 < YsW^'iSr-PSrP^h- 

To obtain the improvement of Lemma 11, we need to show the following 
improved estimates for the terms in the above sum: 

HS^OS; - PS r P)^\\ 2 < C(r min{4 ' a} + |x | 2 rV ci ) • (e~ dr2 + r 20d ). (27) 

We have already seen that 

\\{3 r - P3 r P)il/A\ 2 < C(r min{aA} + \x \ 2 r 2 e- cj )e- cr2 i. 
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We utilize Proposition 4 to estimate the norm of this function when S r is 
applied. 

If we have 

\\S™(S r - PSrPWjh < C(r min{4 ' a} + \x \ 2 r 2 e- cl ) ■ r 20d 

for any m < I — j — 1, then (27) immediately follows. In the opposite case, 
we can estimate the Lipschitz norm of 

s r m (s r - ps r pw 3 

\\S™(S r -PS r P)^>\\ 2 

by r~ 20d ~ 4 \/l. (We use here Lemma 5 and the fact that Sfyo corresponds 
to the Fourier transform of the random walk after I steps.) Since r 2 < 
\og~ 3 (r~ 20d ~ 4 y/l), we have 

||S r m+1 (S r - PSrPtyh < e- cr2 \\S™(S r - PSrP^h 

by Proposition 4. Repeated application of this inequality gives the claim 
(27). 

5 The main theorem 

We begin this section with discussing the role of assumption (C), that is 
J v^d/u,^) = 0. We also establish the claim we made in Section 2, which 
justifies the assumption that K is normalized by 6q. We also prove that n*"> 
is almost non-degenerate for some integer Z if /x is non-degenerate. Finally, 
we deduce Theorem 3 from Propositions 4 and 19. 

5.1 Justifying the simplifying assumptions 

The purpose of this section is to prove the following simple Lemmata. 

Lemma 20. Assume that there is no point in R d except for the origin which 
is fixed by all elements of K . Then there is a unique point x G such that 

J 7(z)d//(7) = x. 
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The conclusion implies that if we change our coordinate system, and set 
x to be the origin, then (C) is satisfied. 

Proof. Consider the map R rf — > R d : 

T(x) = [ ~f(x)dn(rf) - [ 7(0)^(7) = / 0{i)xdn(i). 



It is clear that T is a linear transformation. 

We show that x — T(x) has trivial kernel. Suppose that x = T(x) for 
some x G R d . Since |#(7)x| = \x\ for all 7, and T(x) is the average of these 
points, we must have 8(^)x = x, for /1 almost all 7. By our assumption, 
x = 0, hence the kernel of x — T(x) is indeed trivial. 

Therefore there is a unique point x such that x — T(x) = f j(0)d/j,(j), 
and this is exactly what we needed to prove. □ 

Lemma 21. Let K < 0(d) be a compact group, and 8 G 0(d). There is a 
positive integer I such that 6 normalizes the group generated by 

K U 9o l K9 U . . . U 9q {1 ~ 1) K6 1 q 1 

Proof. It is a well known fact that if K is a compact Lie group, then there is 
a chain of normal subgroups K° < H < K such that H/ K° is commutative 
and [K : H] < d for a constant Cd depending on d. For a proof in the 
context of algebraic groups which carries over to compact groups without 
any changes see [4, Theorem J]. 

Write Ki for the closure of the group generated by 

K U 9o l K9 U . . . U 9q {1 ~ x) K9 1 q 1 

and write K\ < K\ for its connected component. 

Let lo > 1 be an integer such that Kf = Ki Q for I > l . (The sequence 
Ki stabilizes, since dim^° may grow at most finitely many times.) Assume 
to the contrary that the sequence K\ does not stabilize and denote by L the 
closure of their union. Then K° < L since is normal in all K\ for I > Iq. 

We show that L° / 'K% is commutative. For any I > l and g,h G K h we 
have 

[g Cdl ,h c « l ]eK? o 

hence this property descends to L. Since all elements in a connected compact 
Lie group are powers, we have [L°,L°] < Kf , thus L°/K£ Q is indeed 



36 



commutative. Note that L and L° are both normalized by 6 which is of 
crucial importance for what follows. 

Write Hi = Kid L°. Then clearly K° < H t < K h [K l : if,] < [L : L°] and 
Hi/K° is commutative for / > l . Let Zi > Z be such that [K^ : H^} = [L : 
L°] and let g±, . . . , g m be a system of representatives for if^ cosets in K tl . 

We show that exp(Hi/ K° ) is constant for I > li + l. The exponent exp(G) 
of a group G is the smallest integer n such that g n = 1 for all g E G. This 
will be a contradiction since the elements of Hi approximate those of L° and 
L° 7^ K° by our indirect assumption. 

Let I > li + 1. Then all elements of i^+i is of the form 

9 = Ylla\9i a hi a ha, 

a 

where hi a G Hi and 7 a G {1, #o}- For each a, we can write 

where gj a is the appropriate coset representative and 

We bring all gj a to the left hand side of the product and get that each 
element of Hi + i is of the form 

h = II ^v^, 



where hp G Hi and 7^ G {1, 60} -K^. Thus all "f^hp'jp are in L°, in particular 
they commute modulo K° . In addition, the degree of each hp ■ K° G Hi/Kf 
divides exp(Hi/K° ), hence so is the degree of h-K^ G Hi + i/K° . This implies 
that exp(Hi + i/Ki ) = ex.p(Hj K° ) which was to be proved. □ 

Lemma 22. Suppose that /i is non-degenerate. Then there is a positive 
integer I such that fj,*^ is almost non-degenerate. 

Proof. By the non-degeneracy assumption, it follows that for each point x G 
R d , there is l(x) such that {7(2;) : 7 G supp (fi*^ x ^)} is not contained in a 
proper affine subspace. Indeed, assume to the contrary that this fails, and Iq 
and W are such that {7(2;) : 7 G supp (fi*^)} spans W and W is of largest 
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possible dimension. Then 7(2;) is dfi*^ (7)-almost surely contained in 7q 
where 70 € supp (//) is arbitrary. This contradicts to the non-degeneracy of 

(JL. 

It is left to show that l(x) is bounded on H d . It is easy to see that 
{x : l(x) < L} is a Zariski open set for every L G Z. As L — ?■ 00 this is 
an ascending chain which eventually covers R d . Therefore the claim follows 
from the Noetherian property of Zariski open sets. □ 

5.2 Proof of Theorem 3 

We turn to the proof of the main result of this paper, Theorem 3. Denote by 
\i the common law of Xj. By assumption, fi has finite moments of order a > 2 
and satisfies (SSR). Without loss of generality, we can replace fx by jj*^ 
for some fixed integer 1$, hence by Lemmata 22 and 21, we can assume that 
/1 is almost non-degenerate and that K is normalized by 8 . Furthermore we 
assume that fi also satisfies (C) and prove the estimates with y = 0. Lemma 
20 in the previous section shows that we can reduce the general case of the 
theorem to this one by changing the coordinate system. 

Denote by v\ = fi*^.S Xo the distribution of the random walk after / steps 
starting from the point x . To evaluate the left hand sides of the formulae 
in the statement in Theorem 3, we use Plancherel's formula: 

w(Yi)\ = f f(x)du l = J f(omn. 

We break the latter integral into two regions. First we consider |£| < Z -1 / 3 
and use Proposition 19 in this region. 

Recall from Section 2, that Res r : C(R d ) — > C(S' d ~ 1 ) is the restriction to 
the sphere of radius r and that 

J\i\=r 

Recall also that 

i>o(Q = ^o,r(0 = e(r(x ,<0) = Res r(^ )(0; 

and 

Res r £j = S l r ip 0iT . 
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For r < I 1 ' 3 , we write: 

mmw = r d - x [ [Res r f\(o ■ [s^oAtm 



H\=r JS d ~ 

= [ f(Oe- lA ^dt + r d - 1 I [Res r /](0*m, (28) 

where A(£, £) is the quadratic form that appears in Proposition 19 and $ = 
S l r ip — e~ r2lA . By Proposition 19, 

||^|| 2 < C(r min{1 ' a - 2} + |x | V)(e" dr2 + r 10d ). 

Using |/(^)| < ||/||i and the Cauchy-Schwartz inequality, we can bound the 
second term in (28) by 

Integrating for < r < Z -1 / 3 , we can write: 

^|ei<^- 1/3 J(en. d 

(29) 

It is well known that e lA (Z<& is the Fourier transform of a Gaussian 
measure, i.e. there is a quadratic form A' and a constant Ca' such that 

fiOe-Wddt = C A ,r d / 2 [ f(x)e- A '^ l dx. 



2 III / 1 1 2 



Now we see that the first term on the right of (29) is the main term 
in Theorem 3, while the second one is the first error term. It is also clear 
that if /i is symmetric or satisfies (E) and we use the improved bounds of 
Proposition 19, then we get the improved error term claimed in the Theorem. 

It is left to show that 



/ fm(0^<Ce- dl/4 \\c\\ ]V . (30) 

J|§|>Z-l/3 



and the proof will be finished. 

To this end, we prove a lemma using Proposition 4. 
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Lemma 23. Let I be an integer and suppose that e ll/4 > r > Z -1 / 3 and 
\xq\ < e' 1/4 . As above, write ipo,r(Q = e ( r ( x o,0) f or l£l = 1- There is a 
constant c depending only on [i such that 

\\S%, r \\ 2 <e- dl/4 . 

Proof. Choose 1 > c > to be sufficiently small, to be specified below. 
Assume to the contrary that the statement is false for some r, I and Xq. Then 
for each j < I, we have 

||^ , r ||2>e- il/4 , 

otherwise we get a contradiction from \\S r \\ < 1. (Recall that c < 1.) 

To use Proposition 4, we need to estimate the Lipschitz norm of the 
function 5^Vo,r- Recall that 

S J r ipo, r = Res r Uj. 

Using Lemma 5 and the hypothesis on the size of r and Xo, we get 

< 2vrr(|x | + J \v(j)\dii*^ (j)) < Ce 2 ^ 
for j <l, with some constant C and for any 1 < % < d. Now define 



Then we have 
It follows that 



H'S'rV'O.rlb 



Wj\\up < Ce 



r 2 >r 2 / 3 >log- 3 (||^|| Lip + 2). 
We can apply Proposition 4 for <pj, and get 

\\S rVj \\ 2 <e^'^ l - 3/ \ 

where d is the constant c from Proposition 4. 

If we multiply these inequalities together for 1 < j ' < I, we get 

||^r|| 2 <e-(^ /4 , 
a contradiction if we choose c to be less than c'/27. □ 
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Similarly as above, we use the Cauchy-Schwartz inequality: 
/ = r d ~ x I Res r /(0-^o,,(e)^ 

< r (*W f |/(0| 2 deV /2 '11^0,112. 



V|£|=r / 

We integrate for r > Z -1 / 3 , and use the Cauchy-Schwartz inequality again: 

r poo / r \ ^ 2 

/ /(£)£(£R < / 1/(0 rde) -(r-^lS^MWrfr 

/ r \ 1/2 / /-co \ 1/2 

< / |/(0He| d+£ ^ • / llflj^lllr- 1 -*^ 

The first integral on the right hand side is bounded by ||/||w2,(d+ S )/2. By 
Lemma 23, we have 

\\S%,\\lr-^ < e- dl/4 

for all r with a constant c which depend on e. Indeed, one can use the lemma 
for r < e~ il/4 , and simply HS^O/rlh < 1 for larger r. This implies (30), and 
Theorem 3 is proved. 



6 Central Limit Theorem 

The purpose of this section is to prove Theorem 1. Recall the notation from 
Sections 1 and 2. We will deduce the theorem from Proposition 10 very 
similarly to the methods of the previous section. 

Notice that the limiting distribution of Yi/l 1 ^ 2 does not depend on the 
starting point Xq. Indeed, let Y/ be the random walk obtained from the same 
Xi, but from a different point x' Q . Since isometries preserve distance, we have 

\Y l /fl-Y l '/Vi\ = \x -a? \/lV 2 ^0. 

For the rest of this section, take xq = 0. 

Denote by W C R d the linear subspace of vectors fixed by K. By Lemma 
20, we can choose the origin in such a way, that 

v := E(Ki) = I j(0)d(i(j) e W. 
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Define the random isometries X[ by X[{x) = Xi(x) — Vq. Since Vq G W, we 
have 

Y l ':=X' l (X' l _ 1 (...(0)))=Y l -lv o . (31) 

Denote by \J the law of the random isometry X[. Then // satisfies (C). In 
what follows, we assume that // = fi', and prove the theorem with v = 0. 
In light of (31), this implies the theorem without the assumption fj, — // as 
well. 

Let v\ = /j,*^.5o be the law of Y\. Denote by tp € L 2 (S ,£i ~ 1 ) the constant 
function t/>o(£) = 1- Similarly to Section 5.2, we can write 

Res r ^(0 = S l r M0- 

Fix an arbitrary constant R > 0. Let A be the quadratic form from 
Proposition 10. Let A be the Gaussian measure with Fourier transform 

Proposition 10 implies 

\\R es r/Vi" 1 ~ Res rA|| 2 ->■ 

as / — >• oo, uniformly for r < R. Let / be a function, such that /(£) = for 
|£| > R. Then by Plancherel and Cauchy-Schwartz: 

| J f{x/Vl)dn{x) - J f(x)d\(x)\ = | J f(0m/Vi) - A(0KI 

<ll/lli- / m/y/i)-\{ZM 

J\t\<R 

< || /||i • C^d / ||Res r/V ^ - Res r A|| 2 rfr -> 0, 

where C# )( j is a constant depending on and d 

Since we can approximate any continuous function by those which have 
compactly supported Fourier transform, the proof is complete. 

7 Local Limit Theorem 

We finish the paper with the proof of Theorem 2. Since we do not assume 
that n satisfies (SSR), we need to find a suitable replacement for Proposition 
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4. In this case, our estimate is weaker; we are no longer able to control the 
dependence of the constants on r for large values of r. We give these estimates 
in the next two sections. Using these, we will still be able to conclude the 
local limit theorem but only on scales 0(1) in contrast to Theorem 3. 

We introduce some notation. Recall that G is the closure of the group 
generated by supp (p * p) and supp (p) is contained in the coset 7 G. We 
denote by K the closure of 9(G) and by K° its connected component. By 
Lemma 21, we can assume that K is normalized by #(70)- 

It is easy to see, that we can decompose R d as an orthogonal sum of 
subspaces V ss @V a @V , such that action of K° is semi-simple on V ss , Abelian 
on V a and trivial on V Q . Since K° is invariant under conjugation by elements 
of K and #(70), it follows that these subspaces are invariant under K and 
#(70), as well. We denote by S % the unit sphere in Vi, where i is either 
ss, a or o, furthermore we denote by 7^(7) G Isom(Vi) the restriction of 
7 G Isom(R d ) to the subspace V,. In addition, we will denote by 7Tj(/i) the 
probability measure on Isom(Vi) which is the pushforward of p under 71*. 
Finally, 9i and Vi (resp.) are shorthands for 7Tj o 9 and 7Tj o v (resp.). 

In Section 7.1 we generalize Proposition 4 to V ss © V a . This will give us a 
useful estimate on roughly in the range |7r ss ^| 2 + |vr a ^| 2 > 1/1. In Section 

7.2 we give an estimate that is useful in the opposite case. Finally in Section 

7.3 we combine them to conclude Theorem 2. 

7.1 Estimates for large £ ss + £ a 

Fix three non-negative real parameters r ss ,r a and r Q . Analogously to p r , we 
introduce the unitary representation p rsa ,r a ,r of the group Isom(R d ) on the 
space L 2 (S SS x S a x S°) via the following formula: 



Pr ss ,r a ,r (l)(p(£ss,£a,£o) = e(r ss (£ ss , v ss (j)) + r a (£ a , v a (j)} + r (£ , v (7)» 



Here <p G L 2 (S SS x S a x S°), £ ss G S ss , £ a G S a and ^ G S°. This represen- 
tation corresponds to the action of 7 on the Fourier transform of a measure 
restricted to the product of the spheres of radii r ss , r a , r Q (resp.) in V, s , V a , V 
(resp.). 

The purpose of this section is to study the operator 



s, 
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acting on L 2 (S SS x S a x S°) 



Proposition 24. Suppose that li zs almost non-degenerate, has finite mo- 
ments of order 2 and satisfies (C). Then for every R > 0, there is a constant 
c > depending only on li and R such that the following hold. 

Let R > r ss ,r a ,r Q > 0. Let <p G Lip(S ss x S a x S°) with \\<p\\ 2 = 1. Then 

||S Wo , ro ^|| 2 < 1 - CHlin^ + 1*, — -}. 

log (|M|Lip + 2) 

For the rest of this section, we fix r ss ,r a , r a and omit them from the indices 
everywhere to save a considerable amount of ink. 

Our first goal is to symmetrize \i and replace it with a measure Li\ such 
that supp (fix) C K° . 

Lemma 25. We can write (Jx * li)*^ = pii,\ + qiii, with p,q > 0, where 
ill and fi2 are probability measures on Isom(R d ) and L > 1 is an integer 
depending on Li. Furthermore, Li\ is almost non- degenerate, symmetric, has 
finite moments of order 2, and the closure of the group generated fry supp (/xi) 
is K°. 

Proof. Fix an integer L and write 

G° = { 7 G G : 0(7) G K°}, 

let p = (ji* /j,)*( l \G°) and let Li\ be 1/p times the restriction of (// * /i)*^ 
to G° . The only non-trivial property to check is that almost non-degeneracy 
holds if L is sufficiently large. It is enough to check this condition for one 
point x, because then the claim follows from the same Noetherian property 
argument as in Lemma 22. 

Denote by o the order of K/K°. Using the central limit theorem for the 
measure Ji * li, we can find an integer Lq, and a finite set 

A C {7(3;) : 7 G supp ((/2 * /i)* (io) )} 

which approximates an (0+ 1) x • • • x (0+ 1) grid. The approximation can be 
arbitrarily good, if Lq is sufficiently large. All that we need is that a proper 
affine subspace intersects A in at most |A|/(o+ 1) points. 

Then by the pigeon hole principle, there is 9\ G K such that 

B := { 7 (x) : 7 e supp ((/Z * /i)* (Lo) ), 0( 7 ) € 0^°} 
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is not contained in a proper affine subspace. Then the claim follows for 
L = 2L . Take any 71 G supp ((/I * /i)* (Lo) ) with 9(ji) G Q\K° and observe 
that 7f 1 (i?) is in the set of images of x under elements of supp (/xi). □ 

For the rest of the proof we work with Hi and assume that it satisfies the 
properties claimed in Lemma 25. Moreover, we assume that /ii has property 
(C) which is justified by Lemma 20 after changing the origin. 

We define the operator 




on L 2 (S SS x S a x S°), and set out to prove for it an inequality analogous to 
the one claimed in Proposition 24. 

We fix (p G C X (S SS x S a x 5°). As in Section 4, the heart of the proof is 
the study of the set 

B(e) := {7 G Isom(R d ) : \\p(y)<p - <p\\ 2 < e}. 

The next two Lemmata is obtained by a simple variation on the arguments 
in Section 4. 

Lemma 26. Let e > and Ze£ l\ = Ci(r^ 2 + log 3 ( 1 1 <^ 1 1 Li p, + 2)) ; w/iere Ci zs 
a suitably large constant depending on /j and e. Suppose that /i* > 
9/10. T/ien i/iere zs a sei X C fi(64e) suc/i t/iat 

^ SS (X) = 7r ss (iT) and 7r a (X) = {1} = ir (X). 

Proof. Following the proof of Lemma 6, it is easy to find a subset Xo C 
B(4e) such that n ss (6(X )) = ir ss (K). Consider X x = [X ,X ] and X = 
[Xi,Xi]. Clearly 7r G (Xx) = {1}, and 7r a (Xi) consists of translations. There- 
fore 7r a (X) = {1} = 7r (X), and X C B(64e) follows from the triangle 
inequality. Since every element is a commutator in a connected semi-simple 
compact Lie group (see [12]), we have 7r ss (X) = tc ss (K°) which finishes the 
proof. □ 

Lemma 27. Let e > be arbitrary and l\ and C\ be as in the previous lemma. 
Let l 2 = C2(r~ 2 + log 3 (|| 93 1| Lip + 2)), where C2 is a suitably large constant 
depending on p x an d G\. Suppose that fi*( li '(B(e)) > 9/10, for i = 1,2. 
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Then there is a constant c > depending on Hi such that the following hold. 
For any unit vector uq G S ss , there is an element j[ G B(386e) such that 

O ss {ii) = 1, [vssd'i) | < r~72, (u„(T4),tio) > cr" 1 , and 

7Ta(7i) = 1 = TToCVl)- 

Proof. Consider the projection to V ss and repeat the argument in Lemmata 
7-9, except that instead of the set X constructed in Lemma 6, use the one 
constructed in Lemma 26. We need to use six elements of X, and since 
now they are in B(64e) instead of B(4e), the resulting element 7^ will be 
in B(386e). Recall from the proof of Lemma 9 that is of the form 
gili9i 1 g2Ji 1 g 2 1 i where g 1 ,g 2 G X. Since ir a {gi) = 7T a (# 2 ) = 1, we have 
Kaili) — ^ail^^aili 1 ) = 1) and a similar calculation applies to the projec- 
tion to V a . This finishes the proof. □ 

In the above lemma we constructed a translation in V ss . The next goal 
will be to construct a translation in V a . This is done in the next two lemmata 
by adapting the method of Guivarc'h [13]. Denote by G± the closure of the 
group generated by supp 

Lemma 28. 7r a ([Gi, Gi]) is the additive group of the vectorspace V a . 

Here [Gi,Gi] denotes the derived subgroup of G\, not just the set of 
commutators. 

Proof. Clearly H := n a ([Gx,Gi\) is a subgroup of the additive group of V a , 
and it is invariant under the action of 7t a (K°). Since n a (K°) is connected, 
every connected component of H is invariant under 7r a (K ). Every such 
component is an affine subspace of V a . The point of such an affine subspace 
which is closest to the origin is a fixed point of 7r a {K°). By the definition of 
V a , the only fixed point is the origin. Therefore it follows that H is a linear 
subspace of V a invariant under the action of n a (K ). 

Assume to the contrary that if is a proper subspace of V a . Let W be a two 
dimensional subspace of V a which is invariant under ir a (K) and orthogonal 
to H. By projecting the translation part to W, G\ naturally embeds to 
Isom(jy); denote by Gw the image. Then Gw is commutative (since it has 
a trivial commutator) but has a non-trivial rotation part (since ir a (K°) acts 
on W non-trivially) , hence it consists of rotations around the same point 
x G W . This means that jMi almost every image of x is orthogonal to W, a 
contradiction to almost non-degeneracy. □ 
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Lemma 29. Let e, l\ and C\ be as in Lemma 26. Suppose that //f 1 (B(e)) > 
9/10. Then for every u G V a , there are c> 0, v e V a with \v — u \ < |u |/10 
and an integer L such that the following holds. Let M be an arbitrary positive 
integer and assume that [i^ {B(e/M)) > 1 — c. Then there is j[ G B{Le) 
such that 

U a (7l) = Mv > ^o(7l) = 1 and 7Tss(7l) = 1 = 7To(7l)- 

The vector v may also depend on tp, but c and L depend only on // and uq 

To motivate the Lemma, we indicate how it is applied. We set the pa- 
rameters in such a way that Muq is of length approximately l/r a which will 
lead us to a contradiction. When r a < 1, we take uo to be of length rs 1 and 
M ~ l/r a . When r a > 1, we take Uq to be of length » l/r a and M = 1. 
We also add, that when the condition jj*^ 2 \B(e/M)) > 1 — c fails, we can 
prove || TV || 2 < 1 - c/M 2 , which is exactly our aim with the above choices of 
parameters. 

Observe that the constants c and L depend on uq in an uncontrolled way. 
For estimating the Fourier transform of the random walk in a fixed ball, it 
will be enough to consider a finite number of points uq. However we are no 
longer able to control the behavior in growing balls. 

Proof. There is 72 G G\, such that 6^(72) does not have any fixed vectors 
in V a except for 0. This is an open condition, so we can assume that 72 G 
supp /i* 1 ^ for some integer m depending on /1. Thus 72 = g\ ■ ■ ■ g m for some 

Qi G SUpp/ii. 

We can find a small ball U{ around each such that 9 a (g[ ■ ■ ■ g' m ) does 
not have any fixed vectors in V a except for 0, for any choice of g\ G We 
set the constant c in the lemma so that //* (Z7») > c for all i. This allows us 
to find an element 

l'2 = 9'i---9m£B{me/M) 

such that a {^' 2 ) does not have any fixed vectors in V a except for 0. 

Then there is a vector u\ G V a such that u = u\ — Q a {^{^)U\. (Since 
has no fixed vectors, 1 — 6^(72) nas trivial kernel.) For reasons that will be 
clear at the end of the proof we try to find an element 7 G B(Le/M) such 
that f a (7) approximates u\ instead of uq which is the objective in the lemma. 

By Lemma 28, we have u\ G ^ a ([Gi,Gi\) C 7r a (Gi). Using an argument 
very similar to the one above, we can find a vector V\ and an element 73 G 
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B{me/M) (with a larger m perhaps) such that v a (73) — V\, \v\—Ux\ < |w |/20 
and 0(70 = 1. 

Now we make use of the set X constructed in Lemma 26 to cancel the 
rotation parts of 72 and 7 3 in the V ss component. Let h 2 ,h 3 G X be such 
that 9 ss {h 2 ) = 9 ss {i 2 )- 1 and 9 ss (h 3 ) = 6 ss (y 3 )~ M . Then h 2 ■ i 2 and h 3 ■ (y 3 ) M 
act on V ss © by translation, hence 

Y := [^■(Ys^WJ 

acts trivially on and 14. On the other hand, an easy calculation shows 
that 

Tt a (i l ) = (M(v l -e a (i 2 )v 1 ),i) 

and 7^ G B(4(m + 64)e) which was to be proved. □ 

Proposition 24- Recall the definition of the operator T from the beginning 
of Section 7.1. Without any significant changes to the argument in the proof 
of Proposition 4, we can deduce from Lemma 27 the estimate 



1 

log 3 (MLip + 2) 

We suppress the details but carry out a similar argument which proves 

1 

log 3 Mkij 2) 
There is a unit vector it G S a such that 



||7V|| 2 < 1 - c'mm{r 2 ss , - — }. 



||T^|| 2 < 1 - c'min^, ^-3— — }. (32) 



/ / \<p(rss£ss,r a {ia,r £o)\ 2 d£ ss d£ a d£ > el (33) 

for a constant Eq which depends only on the dimension of V a . Moreover, we 
can choose u from a fixed finite sufficiently dense subset of 5* a . If r a < 1, 
let M = LlOr" 1 ] and let M = 1 otherwise. If r a < 1, then let u = u/20, 
otherwise let uq = 5it/|~10r a ~|. Let C±, c and L be the constants from Lemma 
29 with this choice of uq. (Note that the possible values for uq are in a finite 
set which depends only on the dimension of V a and R.) Set e = e /L. 

Assume to the contrary that ^* (ll) (B(e)) > 9/10 and ^ 2 \B(e/M)) > 
1 — c. Then we can apply Lemma 29. Let v G V a and 7^ be as in the Lemma. 
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Then 



ejj = L 2 e 2 > ||p( 7 ^ - 

> / I 1 - e((Mv,r a £ a ))\ 2 \(p(r ss £ ss ,r a £ a ,r Q\ 2 d£ ss d£ a d£ t 

J^ s es= s ^ es° J\£ a -u\<i/io 

With the above definitions, Mw and Mv are very close to r~ 1 u/2, hence 
e((Mv,£ a )) is very close to —1 in the domain of integration. In particular, 
|1 — e((Mv,£ a ))\ > 1 which is in contradiction to (33). 

Now there are two possibilities: Either p\^\B(e)) < 9/10, which implies 
(32) as we have seen in the proof of Proposition 4. Or else p£ 2 \b(e/M)) < 
1 - c. If 7! _1 ■ 72 G B(e/M), then 

Re((p( 72 )<p,p( 7 i)<p» = Re((p( 7 r 1 • 7a W» < l~e 2 /2M 2 . 
Hence (32) follows: 

ll T ^ll2 = J Re((p( 72 )^,p(7i)<p))^/i( 7 i)rfp( 7 2) < 1 

If p and q are as in Lemma 25 and V is the number L 
then we can conclude 

ll(^W aj r ^W ,rJ Z Vl|2<p||^|| 2 + g 

which in turn implies the proposition. 

□ 

7.2 Estimates for small £ ss + £ a 

In this section we employ the methods of Section 4 (i.e. Taylor expansion) 
to establish some estimates that we will use in the range where £ ss and £ a 
are small. 

We continue to use the notation, V ss , V a , V , etc. introduced in the begin- 
ning of Section 7. 

We fix a couple of parameters r ss , r a , R, 6 > and an integer a. R will be 
the radius of the ball in V on which we bound the Fourier transform of the 
random walk, a controls the number of terms in our Taylor expansion and 5 
is a parameter which control the distance of the £ Q coordinate from special 
points, where certain singularities occur, to be discussed below. 



- ce 2 /2M 2 . 
from that lemma, 
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It will be helpful for us to work on slightly different function spaces than 
before. In the course of the proof we will find a finite set Y a C V which 
contains and invariant under o (suppyu). We will work on the following 
two function spaces. 



Hi := L 2 (S SS xS a x {£, G V : BT 1 < |f D | < R, dist(£>, Y a ) < 6}) 
U 2 := L 2 (S ss xS a x{Z eV :\U<R,dist(UY a )>5}). 



We denote the orthogonal projections to these subspaces by tti and 7r 2 re- 
spectively. We assume without loss of generality that R is sufficiently big so 
that Y a does not contain a point smaller that + 5, hence the above two 
spaces cover the ball of radius R in V a apart from the ball of radius 5 around 
the origin. 

We work with the operator 



This operator acts on both Hi and H 2 - 

As before, let xo be the starting point of the random walk, and ipo £ 
L 2 (S SS x S a ,V D ) defined by 



i.e. the restriction of 5 X0 to the product of spheres of radius r SS} r a and V a . 
Finally, put ipi — ^(^o) f° r i — 1; 2. 

Proposition 30. Assume that fi is non- degenerate and has finite moments 
of order 2. Then there is a number C depending on fi and R such that 



if s is a number which satisfies I > Clog(s 1 ) ; s > r ss + r a and 5 satisfies 
(34) with some C\ depending on fi and R. 

Proposition 31. Assume that fi is non- degenerate and has finite moments 
of order a for some a > 2. Then there is a number C depending on /1, R and 
a such that 



if s is number which satisfies I > Clog(s 1 )5 2 , s > r ss + r a and 5 satisfies 
(34) with some Ci depending on fi and R. 




ipo(£ss, f«, Q = e((x , r ss £ ss + r a £ a + Q) 



diraV /2 




50 



We indicate the approximate values of the parameters that we will set 
in the next section. We take s = C(log 1//2 l)l~ l l 2 and use the above two 
propositions for r ss + r a < s while in the opposite region we use the result of 
the previous section. We put 5 = where (5 is slightly smaller than 1/2 
so that if we integrate the estimate in Proposition 30 for r ss and r a , then 
we get a contribution which is o(l~ d ^ 2 ). Then we take a sufficiently large so 
that (s/5) a will be a suitably large negative power of I. The details of these 
calculations are carried out in the next section. 

With these choices of the parameters, we see that 5 satisfies the inequal- 
ities 

C?>5>C x (r aa + r a ) (34) 

for arbitrarily large C\ if / is sufficiently large. From now on, we assume that 
this inequality is satisfied with a suitably large C\ depending on \x and R. 

We will also use the measure fii constructed in Lemma 25, and assume 
that fii also satisfies (C). In fact, we will need the almost non-degeneracy 
property for Hi in a slightly stronger form. We require that 

K( 7 ) : 7 e supp/ix, M 7 )| < 1/(2R)} (35) 

spans V a . This property can be obtained by a simple variation of the argu- 
ment in Lemma 25. First we note that (35) does not depend on the choice 
of the origin because K° acts trivially on V Q . This means that we do not 
need the Noetherian property argument; which is good news since there is 
no reason why a condition like (35) would be Zariski open. The only change 
we need to make to the proof of Lemma 25 is that we demand that the grid 
A is inside a ball of diameter 1/(2R). We can achieve this by using the 
non-degeneracy property for /i instead of the central limit theorem. 

Moreover, we work with the operator T introduced in the previous section, 
but on a different function space: We disintegrate it with respect to the £ 
variable, i.e. we look at the following operator acting on the space L 2 (S SS x 
S a ): 

T raa ,r a ,z <P = J Pr ss ,^(7)^1 (7), where 
Pwa,£o(7M& s ,6a) = e{(r ss ^ ss + r a ^ a + Wvil)))^^ 1 {1)^,0^(1)^) ■ 
Note that isometries in supp (/xi) have trivial rotation component on V a . 
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Lemma 32. There is a constant C depending on \i\ such that 

\\ T r S s,r a ,s ~ 7WJ < C(r ss + r a ). 
Proof. Let (p e L 2 (S SS x S a ). Then by Taylor's theorem 

Tr„,r a &,<P(t*» £«) = J {I + 0{r ss + r a ))e((£ , Uo ( 7 ))) 

= (1 + 0{r ss + r a )) ■ T 0Mo <p(£,ss, £*)■ 

In the second equality we used that \i\ has finite moments of order 1. □ 

Lemma 33. There are constants c and C which depend only on \i\ and R 
such that the following holds. Suppose that ip e L 2 (S SS x S a ), and there is 
| Co I < R suc -h that T fl£ o (p = ip. Then 

||T Wa ,^|| 2 < 1 - c|£ - Q 2 + C(r 2 s + ft 

for every r ss ,r a > and £ G G V with \£' \ < R. 

Proof. Since T 0)0 ^ o is an average of unitary operators, we must have po,o£ a ( 7 )y? 
ip for all 7 G supp (pi). Since H\ has finite second moments, 



= cp- / e(r ss (^ ss ,v ss (j)) +r a {£ a ,v a (j)) + (£ - £ , v {^)))d^ x (7) 



= „ • 1/ (1 - ».W* - 2*r.«.,M7)» 

- f„'f.(7)))*i(7) + 0(r^ + r s 2 ,)]. (36) 

For every positive Co, we can find C such that the following estimate 
holds for the linear term in (36): 



(27ur ss (£ ss , v ss ( 7 )) + 2irir a (£ a ,v a (j)))e((£' - £ ,v ( 7 )))d/ii( 7 )| 

< | J 2mr ss (^ ss ,v ss (^)) +27rir a (^ a ,v a (j))dii 1 (j)\ + C(r ss + r a )\£' - £ a \ 

< C\r ss + r a ) 2 + c,\C-U 2 . (37) 
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For the second inequality, we used (C) to show that the first term vanishes, 
and the inequality between the geometric and arithmetic means to estimate 
the second term. 

Consider the function 



on V D . Note that $ depends only on Combining (36) and (37) we get 



If $(£) = 1 for some £ 7^ 0, then (£, 1*0(7)) is an integer for all 7 G 
supp (/ii) which contradicts to (35), hence impossible. Using Taylor series 
expansion, (C) and the moment condition, we can show that < 1 — Ci|£| 2 
for some c\ > and |£| < R. These estimates prove the lemma if we set 



In the following lemma our argument will be based on compactness and 
continuity therefore we have to restrict its scope to a finite dimensional sub- 
space. 

Denote by V a C L 2 (S SS x S a ) the space consisting of functions </?(£ aS) £a) 
which are restrictions of polynomials P of degree at most a defined on V ss @V a . 
By abuse of notation, we will also write V a for the (infinite dimensional) 
subspaces of and H2 consisting of those functions which belong to V a as 
a function on S ss x S a for every fixed value of £ c . In addition, we denote by 
7i a the orthogonal projection to V a 

Let X a C K be the set of those £ D for which there is G V a such that 

To,o£ <p = V- If TqMoV = ¥ and Tofl&tf = for & 7^ to, then <p and <p' 
are both eigenfunctions of Tq q^ o with different eigenvalues hence they are 
orthogonal. Since V a is finite dimensional, X a is finite. Moreover, it is seen 
easily that Xq = {0}. 

Write X a = Y a L)Z a where Y a is the largest subset of X a which is invariant 
under 9 a (supp (fJ,)). 

Recall the definitions of 6 and I-L2 from the beginning of the section. In the 
next Lemma and throughout below, we assume that > 5 > C(r ss + r a ) 
for any fixed constant C > 1 which may depend on fi, a and R. 




\\T rss , ra ,?M\2 < HZ'o ~ + C'(r 2 ss + r 2 a ) + Co\C ~ 6 



C < Ci. 



□ 
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Lemma 34. There is c > which depends only on fi and R such that the 
following hold. Let if G 'Hi with — 1- Then there is < I < \Z a \ such 

that 



Proof. It is clear that there is some c a > such that for each 6 there 
is I < \Z a \ such that there is 7 G supp(/j*^) with dist(0 o (7) _1 £ o , X a ) > c a . 
Using this, it is easy to show that there is < I < \Z a \ such that 



for some e > depending on // and a. Indeed, if the inequality is not already 
true for / = 0, then a l/(2\Z a \) proportion of the L 2 mass of ip is concentrated 
near a point £ D G Z a and this L 2 mass is moved away from X a by ^ (7) _1 
with some positive dji*^ l \^) probability. 



Where we denoted by T-^ 2 the operator acting on "H 2 which is defined by the 
same formula as S rsS}Ta but using the measure /ii instead of /i. (This notation 
is not used elsewhere.) Indeed, the lemma follows by the familiar argument 
turning an estimate for T% 2 into an estimate for S rsst r a . 

By assumption, 5 < c a /2 hence an e proportion of the L 2 -mass of ip is S 
away from X a . Then it is enough to show that 



for any ip' e V a C L 2 (S SS x S a ) with ||^'|| 2 = 1 and dist(£ ,X a ) > 5. Indeed, 
the previous claim then follows by integrating £ . 

Let £' be the closest point of X a to £ c . Write W for the 1-eigenspace 
of To 5 o,^ in Vol, and write U for the orthogonal complement. Write iiw 
and irjj for the orthogonal projections respectively. Set a = Wnwit'lU and 
b = Wnjjip'Wi. 

Since W and U are invariant under T 0i o,£ , we have 

Consider the points of V Q to which £' is the closest among the points of 
X a . In this region T 0i o,g has norm less than 1 on the space U. A simple 



Sr ss ,r a ^ a S l ra ^ ra f\\u 2 < 1 ~C5 2 . 





T rss , ra ^'\\ 2 <l-c5 2 
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continuity argument shows that there is a constant C\ depending only on 
/it, a and R (independent of 5) such that 

||2W 7ri^'|| 2 < (1 - ci)b. 
Combining the above inequalities with Lemma 32 we get 

\\^uT ras ,r a ^w^'h < C(r ss + r a )a (38) 
hwTr ss ,r a ^u^'h < c ( r ss + r a )b (39) 
huT ras , ra ^u^h < (1 - ci/2)6. (40) 

if r ss and r a are sufficiently small (depending on c\). 
From Lemma 33 we get 

hwT rss ,r a ^W^'h < (! - c ^) a - ( 41 ) 

Combining estimates (38-41) we can write 

\\Tr ss ,r a £ o m < [(l-c5 2 )a + C(r ss + r a )b} 2 

+ {{l- Cl /2)b + C{r ss + r a )a] 2 

< (1 -c5 2 )a 2 + (1 - Cl /2)b 2 
+4C(r ss + r a )ab + C 2 (r ss + r a f 

< (1 - c5 2 /2)a 2 + (1 - d/2 + C2(r ^ 2 +ra) V 
+C 2 (r ss + r a ) 2 . 

In the last line, we used the inequality between the geometric and the arith- 
metic means. By the assumption (34) on 5, we have 10C 2 (r ss + r a ) 2 < Ci<5 2 , 
and the lemma follows. □ 

The last ingredient needed for the proofs of Propositions 30 and 31 is 
the following lemma which allows us to approximate the Fourier transform 
of n*® by polynomials in the £ ss and £ a variables. 

Lemma 35. There is a constant C depending on a and \x such that 

|v(t)|°V (0 (7) < cr /2 . 
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Proof. Let X\, . . . ,Xi be independent random isometries with law //. Con- 
sider the sequence of random vectors 

Y l = v(X 1 ■■■X l )= viXx) + e(X 1 )v(X 2 ) + ... + 6(X 1 ) ■ ■ ■ 6{Xi- X )v{Xi). 

By (C), these form a martingale, and its conditional moments of order a are 
uniformly bounded. Thus the lemma follows from Burkholder's inequality, 
see [8, Theorem 3.2]. □ 

Proof of Proposition 30. Let tjj' G L 2 (S°) be the restriction of 5 Xo to the 
sphere of radius r c in V a , i.e. 

^o(£°) = e((a;o,r £ )) = 8 X0 (r o £ o ). 

Let So,o,r and T 0j o,r be operators on L 2 (S°) defined by 

S ,o,rM£o) = J e({r £ ,v {~i)))y(6 {~iY l Qdii{~t) 

and T 0j o,r by a similar formula using fii instead of /i. Then 

(// w .<u A (r £ ) = ss Ar y (&)- 

By a simple continuity argument similar to that in Lemma 33, we get a 
constant c depending on /zi and i? such that |]Tb,o,r 1| < 1 — c for R^ 1 <r Q < 
R. Then ||iSo,o,ro II < 1 — c follows with a perhaps worse constant. 

Iterating the norm estimate for S 0t0>ro , we get H'S'oor V'dlh < e ~ d - Take 
l = d\og(s~ 1 ) / c. Then 

ll^0,r>ol|2 < S d . 

By Lemma 35, we have that 

||(^ ( ' 0) -^o) A ||Li P <^o /2 . 

We can write 

dim(V„)-l 



2d > \\s l ^ r A\\l > co\\s^ >r Ml • ( 

VH^oV^ollLip/ 

where c is a constant depending on the dimension. Thus 

?So,,>olU < Cs. 
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Using the Lipschitz norm estimate again, we get 

\(jJ.*®.8 X0 ) A (r a .U + r a £ a + r £ )| < Cs + C(r ss + r a )l\ /2 . 
We get the result after integrating the square of this over the domain 

S ss xS a x : R- 1 < m < R, distfo, Y a ) < 5} 
which is of measure C5 diUi ^ Vo \ 

□ 

Proof of Proposition 31. By Lemma 35 and Taylor's theorem, we can write 

Sl 3s ,rj2 = Pi + Ul, 

such that pi G V a -i C %2 and 

\\u l \\ 2 <Cl a /\r ( : s + r a a ). 

We define recursively the increasing sequence of integers U. Let Iq = 
and if U is defined, then we put k + \ < U + \Z a \ + 1 such that by Lemma 34 
we have 

WtigrM* < (! - <&)\\%„,rM* + IK +1 -ill 2 - 
Combining the above, we get 

WS^rMh < (1 - cSy^-W + J2 |h|| 2 . (42) 

Take 

I = d log^ 1 )^ 

for a suitably large constant G\ depending on /x, a and R such that the first 
term in 42 is less than s a . The second term is at most 

which was to be proved. 

□ 
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7.3 Proof of the Local Limit Theorem 



Recall from the statement of the theorem that X\, . . . are independent iden- 
tically distributed random isometries. By the assumptions of the Theorem, 
the common law of X t is non-degenerate and has finite moments of order 
a > d 2 + 3d. 

By Lemma 20, we can choose the origin in such a way that v := E[Xi(xo) — 
xq] is fixed by K. Now let 7„ G Isom(R d ) be translation by —v and consider 
the random isometries X« • 7^ and denote by /x their common law. Then \x 
also satisfies (C) besides non-degeneracy and the above moment condition, 
and clearly it is enough to prove the theorem for these modified random 
isometries. 

We can approximate any compactly supported continuous function in L°° 
norm by functions which have smooth (say C°°) and compactly supported 
Fourier transform. Therefore we consider an arbitrary function / such that 
/ is smooth and compactly supported, and prove the conclusion of Theorem 
2 for it. Then this will prove the theorem by approximation. Let R > 
be a number such that the support of / is contained in the ball of radius R 
around the origin. 

We again write V[ = n*^ l \S X0 and use Plancherel's formula 



Let A be the quadratic form from Proposition 10. It is easily seen that 



The rest of the proof is devoted to estimating the above integral. We 
break it up into several regions. Let 5 = with j3 > dj (2d + 2) and also 



which is possible since a > d 2 + 3d. (This will also be the S that we set in 
Propositions 30 and 31.) The first region is defined by 





where c is a constant depending on A. Since /(0) = f f(x)dx, it is enough 
to show that 




/3(a + 2)--<--, 



fla := {£ : |£| < 5}. 
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Proposition 10 implies that 

r~ d+1 I \vi(0-e~ lAm \ 2 d£<Cr 2 

J\i\=r 

By the Cauchy-Schwartz inequality, we have 

,-d+l 



r 



I \vi(0-e~ lAiU) \d£<Cr. 

J\£\=r 



After integrating for < r < 5 = and using |/(£)| < ||/||i, we get 

/(0(^(0-e- ZA( ^ ) )^|<c||/|| 1 r^+ 1 ). 



Since (3 > d/(2d + 2), the right side is o(/~ d/2 ). 

Recall the notation form the beginning of Section 7, where we decomposed 
R d as an orthogonal sum V ss © V a © V a . Moreover, we write £ = (£ S s,£a,£o), 
where £j is the component of £ in the corresponding subspace 

The second region we consider is 

^2 := {£ = : + > C /- 1/2 log 1/2 /, |e| < 

where Co is a suitable constant depending on /x. (This region has an overlap 
with the first one.) Similarly to the proof of Lemma 23, we can deduce from 
Proposition 24 that there is a constant Cq > depending on \x and i? such 
that 

\iss\=r B s\£ a \=r a \£o\=r 

< ^(g-co min{(T- ss +r a ) 2 i,i 1 / 4 } 

for r ss ,r a ,r D < i?. Integrating the above inequality and using the Cauchy- 
Schwartz inequality as above, we get 



-(dimV S3 -l) -(dimVa-1) -(dimV^-l) 
ss a o 



[ mwo - e- iA ^n\ < \\fy- 



where A can be any positive constant if we take Cq sufficiently large. Note 
that e~ lA ^'^' is negligible in the region of integration. 
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Let X a be the finite subset of V a that we defined in Section 7.2. The third 
region we consider is given by the inequalities 

^3 = {£ : + 16*1 < Cor 1 / 2 log 1 / 2 /, dist(f o ,X a \{0}) < 5, If i < R}. 

We apply Proposition 30 and get 

r -(dimy ss -l) r -(dimy a -l) 5 -dimV J |^(f ) |df < C/" 1 / 2 log 3 / 2 / 

?en 3 ,|g ss |=r ss ,|g a |=r a 

for any r ss + r a < CqI^ 1 / 2 log 1 / 2 I. (We also used the Cauchy Schwartz in- 
equality as above.) 

As in the previous two cases, we conclude 



< (7||J|| i ;-( dim ^+diniV r )/2^-/3dimy ^-l/2 l g(3+dim V aa +dim V a )/2 j 

By f3 > d/(2d + 2), the right hand side is less than o{l~ d/2 ). 
The last region we consider is given by the inequalities 

fi 4 = {£ : \U + 161 < Cq/- 1 / 2 log 1 / 2 /, dist(£ ,X a ) > 5, |f | < R}. 

We apply Proposition 31 and the Cauchy Schwartz inequality, and get 



-(dimV^-1) -(dimV a -l) 
ss a 



J < C5- a ~ 2 r a/2 io g Q+1 /. 



£,Gfi4,\£,ss\=rss,\(,a\=r a 

If we integrate the above inequality similarly as above, we get 
since 

0(a + 2)- - <--. 
Combining the estimates for the four regions above, we get the theorem. 
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